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1. Introduction 

Let Fn be the free group of finite rank n. For any endomorphism a of Fn the 
fixed point subgroup of a is 

Fix(a) = {x E Fn\oi{x) = x}. 

More generally, if S* is a set of endomorphisms of -F„, the fixed point subgroup of S 
is Fix(S) = fl Fix(a). 

a&S 

Dyer and Scott showed in [19] that if a is an automorphism of finite order of 
Fn, then Fix(a) is a free factor of F„, in particular the rank of Fix(a) does not 
exceed n. Scott later (1978) conjectured that 

rkFix(a) ^ n 

for any automorphism of Fn- 

Gersten [2ll [25], Goldstein and Turner [27], and Cooper [17] independently 
proved a weaker form of this conjecture that the group Fix(a) is finitely generated. 
In [36], Thomas generalized this result for an arbitrary set of automorphisms of Fn- 
In [35], Stallings proved that the equalizer subgroup 

Eq((y9, := {x e Fn\ (p{x) = tpix)} 

is finitely generated for any two monomorphisms (p, ip from Fn into a free group G- 
Goldstein and Turner [26] showed that the same holds in case where is a homo- 
morphism and ip is a. monomorphism from Fn to Fn- 

In the seminal paper [7], Bestvina and Handel proved the Scott conjecture for 
automorphisms of free groups completely. The relative train track technique de- 
veloped in this paper enabled the solution of a sequel of difficult problems about 
automorphisms of free groups, see [HIS, [SI US 11111201 [131 112] • Later Gaboriau, Levitt 
and Lustig [23] gave a dendrological proof of the Scott conjecture. A stronger in- 
equality, which also takes into account infinite fixed words, is given in [21] . Another 
dendrological proof was given by Sela in [33]. A short dendrological proof of the 
Scott conjecture based on papers [23], [33], and [32] is given in the survey [3] of 
Bestvina on M-trees. 

Imrich and Turner [2S] proved that rkFix((/3) ^ n for an arbitrary endomorphism 
(p of Fn- Dicks and Ventura [TS] proved that, rk Fix(S') ^ n for any set S of injective 
endomorphisms of Fn- Bergman, using derivations in group rings, proved that the 
same holds for an arbitrary set of endomorphisms of Fn- 

However, the problem of finding a basis of Fix(a) has been open for almost 
20 years. It has been solved in three special cases: for positive automorphisms in 
the paper [16] of Cohen and Lustig, for special irreducible automorphisms in the 
paper of Turner [371 Proposition B], and for all automorphisms of F2 in the paper 
of Bogopolski [9] . 
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In 1999, Maslakova, a former PhD student of the first named author, attempted 
to solve this problem in general case. However, her proof pubhshed in [3D] was not 
complete. An improved, but still incomplete proof was given in her PhD thesis [3Tj . 
So, we have decided to fix all mistakes and give a correct proof. The main result 
of this paper is the following. 

Theorem 1.1. For any automorphism a of a free group F of finite rank, one can 
compute a basis of the fixed point subgroup Fix(a). 

As in [7j, we use the relative train track techniques for automorphisms of free 
groups. A relative train track for a is a homotopy equivalence / : F — )■ F of a 
finite graph F with certain good properties (see Section 4). We use / to define an 
auxiliary graph Df (first introduced in [26]); the fundamental group of one of the 
components of Df, denoted Df{ly), can be identified with Fix(a) (see Section 5). 
Thus, to compute a basis of Fix(a), we need to construct the core Core(D/(l„)) 
of this component. 

At all but finite number of the vertices of Df there is a preferable outgoing 
direction. This determines a flow on almost all of Df. The inverse automorphism 
determines its own flow on almost all of Df which does not coincide with the 
flow for a outside a finite subgraph. According to [3Z] (see also [IS]), there is a 
procedure for constructing a part of Core{Df) which contains Core{Df{l^,)) if the 
latter is non-contractible: one should start from a finite number of computable 
exceptional edges and follow the first flow for sufficiently long. Theoretically we 
could arrive at a dead vertex, or get a loop, or arrive at a vertex where two rays 
of this flow meet, or none of these may occur. To convert this procedure into 
an algorithm, we must detect at the beginning, which possibility occurs. Also we 
must solve a membership problem for vertices and certain subgraphs of Df. We 
overcome these difficulties in this paper. 
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2. Preliminaries 

Let r be a finite connected graph, be the set of its vertices, be the set of 
its edges. The inverse edge to E is denoted by E. Sometimes we will consider the 
geometric realization of F where each edge is isometric to the real segment [0, 1]. 
For simplicity, we will denote this realization also by F. 

A path in F is a continuous map r : [0, 1] — F which is locally injective on 
r~^(F \ F°). Let C({t) and uj{t) be the initial and the terminal points of r. These 
points are not necessarily vertices of F. The inverse path to r is denoted by r 
and the length of r by Z(r). A path whose image is a point u is called trivial 
and is denoted by 1„. A combinatorial representative of a nontrivial path is a 
sequence E1E2 of (segments of) edges which it passes; if n = 1, then Ei is 

a subsegment of an edge; if n ^ 2, then Ei are edges for 1 < i < n and Ei,En 
are some terminal and initial segments of some edges. Sometimes we will identify 
paths with their combinatorial representatives. 

An edge-path in F is a path of the form E1E2 ■ ■ ■ En where E^ are edges of F, or 
a path of the form 1^ where m is a vertex of F. In the latter case the edge-path is 
called trivial. Let -P(F) be the set of all nontrivial edge-paths in F. 

A path r is called reduced if it does not contain nontrivial subpaths of the form 
Hjl. By [r] we denote the reduced path in F which is homotopic to r relative to 
its endpoints. By [[r]] we denote the class of paths in F which are homotopic to r 
relative to the endpoints of r. For two paths r, we write r = if these paths 
are homotopic and r = /i if they coincide. 

For two paths r, /i with uj{t) = a{fi), we denote their concatenation by r/i or 
r ■ /i. A vertex or an edge of F can occur several times in a given path; it will be 
clear from a context which occurrence do we mean. 

Let US be the set of all homotopy equivalences / : F — )■ F such that F is a finite 
connected graph, /(F") C F° and the map /|r\ro is locally injective. 

Let / : F — )■ F be a homotopy equivalence from TiS. Then for every path r in F 
the map / o r is also a path in F. We denote this path by /(r). In particular, if we 
consider an edge G F^ as a path, then f{E) is a nontrivial reduced edge-path. 

The combinatorial representative of / is the map F^ — t- P(T) which sends each 
edge G F^ to the combinatorial representative of the path f{E). Observe that 
the set of combinatorial representatives of homotopy equivalences with the above 
properties is enumerable. 

The norm of / is the number 

11/11 := max{/(/(E)) I E is an edge of F}. 

If f is a distinguished vertex of F, we write /* : 7ri(F,i;) — )■ 7ri(F,/(t;)) for the 
isomorphism given by [[x]] 1— t- [[/(a;)]], x G vri(F, v). Observe that if / : F — )■ F and 
(yf : F — > F are two homotopy equivalences from US with the same combinatorial 
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representatives, then f^, = Sometimes we will identify homotopy equivalences 
with their combinatorial representatives. 

We use the following rule for composition of two maps: x{ipip) = {xip)'^). 

3. Outline of the proof 

In this section we give a sketch of the proof of the main theorem. Some of 
definitions we use here are given in the following sections. At this point, it suffices 
to know the definition of a relative train track (see Section 4). 

A. Let a be an automorphism of a free group F of finite rank. 

Definition 3.1. We say that a is realized by a homotopy equivalence / : F — )■ F, 
where F is a finite connected graph, if there is a vertex w in F fixed by / and an 
isomorphism j : F 7ri(F,f) such that the automorphism j~^aj of the group 
7ri(F,f) coincides with the induced automorphism We will also say that / 
represents a. 

Observe that for computing a basis of Fix(a), it suffices to compute a basis of 
Fix(a"') for some n ^ 1 (see Corollary 14. lip . So we can replace a by an appropriate 
power of a if needed. Using this and Theorem 14. 6[ we may assume that a is algo- 
rithmically realized by a relative train track / : (F, f ) — j- (F, f ) with the additional 
property (Pol). Let = G'oC---cG'7v = Fbe the fixed maximal filtration 
for /; this gives us exponential, polynomial, or zero strata Hi := cl(G*i\ G*i_i), 
i = 1, . . . , N. In Section 4 we recall that for each exponential stratum Hr, there 
exists a real number > 1 and a pseudo-metric on Gr with the following 
properties: 

• if is an edge in Gr, then Lr{E) > if and only if E is an edge in Hr] 

• if p is a path in Gr, then Lr{f{p)) = XrLrip); 

• if p is a reduced r-legal path in Gr, then Lr{\f{p)]) = XrLrip). 

B. Here we describe some technical notions from Section 7 including the notion 
of an r-cancelation area. Using this notion, we improve / in Section 9. 

To understand this part, we advise first to read the definitions of a legal and an 
illegal r-turns in Section 4. 

Let r be a reduced edge-path in F and y be an occurrence of a vertex in r. 
Let Po,qQ be paths in F such that r = poQ'o and y = a{po) = a{qo). Then [/(r)] 
is the result of reducing of the product [/(po)] " [filo)]- Let [/(po)] = Pi^ and 
[/(go)] = rqi for some paths pi,qi,r such that [/(r)] = piqi. Then the occurrence 
yi := a{pi) = a(gi) in [/(r)] is called the 1-successor of y. Inductively, one can 
define y^, the k-successor of y ioi k ^ 1. 

For the rest of this subsection, we suppose additionally that r lies in Gr, where 
Hr is an exponential stratum. The occurrence y in r is called an r-cancelation 
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point in r if the pair {A, B) consisting of the first edges of po and go is an illegal 
r-turn. One can easily check, whether y is an r-cancelation point in r. 

In Section 7, we consider the case where y is a unique r-cancelation point in r. 
In this case we say that y is non-deletable if its /c-successor is an r-cancelation 
point in [/'^(r)] for each k ^ 1. By Proposition 17.91 one can check whether y is 
non-deletable in r. 

Now we suppose that y is a. unique r-cancelation point in r and that y is non- 
deletable. In Definition 17.131 we define the r-cancelation area of y in r. Roughly 
speaking this is a subpath A{t, y) of r which contains y and consists of all points 
of r which cancel out by reducing the product [f^{po)] ■ [f''{Qo)] for appropriate 
k ^ 0. We stress that A{T,y) is not necessarily an edge-path. If r is fixed, we 
shorten the notation to A{y). 

The r-cancelation areas possess the following properties: 

1) The endpoints of each r-cancelation area A{T,y) lie in r-edges of F (i.e. in 
edges which belong to Hr). 

2) One can compute the number Lr{A{r,y)). 

3) One can compute a number R = R{f) such that each r-cancelation area 
is divided by the corresponding non-deletable r-cancelation point into two 
subpaths which are contained in edge-paths of /-length at most R. 

4) There exists only finitely many r-cancelation areas. These areas can be 
computed. 

5) If A is an r-cancelation area in r, then [/(v4)] is an r-cancelation area in 
Ifir)]. 

In Section 9, we use a subdivision to obtain a new relative train track /' : F' — >■ F' 
representing a and satisfying the following additional condition. 

(RTT-iv) There is a computable natural number P = P{f) such that for each 
exponential strata and each r-cancelation area A of /, the r-cancelation area 
[/^(A)] is an edge-path. 

We describe briefly how we do that. Let Hr be an exponential strata for the 
relative train track / : F — )■ F and let Ai, . . . , be all r-cancelation areas of /. 
An endpoint u of Ai is called an r -subdivision point if u is not a vertex (hence u 
lies in the interior of an edge from H^) and f"'{u) is not a vertex for all natural n. 

By Property 4), we can construct the graph F' obtained from F by subdivision 
at all r-subdivision points for all exponential strata Hr- Property 5) implies that 
the set of these endpoints is /-invariant. Let f : T' T' be the map induced by 
/ : F — )■ F. We also define a natural filtration = Gq C ■ ■ ■ C = F' by saying 
that G'i consists of all edges resulting from Gi by the subdivision. It is possible 
that this filtration is not maximal. A strata H- is called exponential, polynomial, 
or zero if the strata Hi is exponential, polynomial, or zero, respectively. For each 
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exponential stratum H'^, let L'^. be the pseudo-metric on induced by L^. It is 
possible that L'^{e) = for some edge e G H'^.. However, this will not destroy the 
further proof. 

One can show that the homotopy equivalence f : T' ^ T' satisfies the conditions 
(RTT-i) - (RTT-iii) in the definition of a relative train track. Therefore /' is called 
the subdivided relative train track associated with /. The advantage of /' is that 
it additionally satisfies the condition (RTT-iv). 

Moreover, the map /' also represents the automorphism a and satisfies the prop- 
erty (Pol). We will work with /' starting from Section 10. 

C. The following definition generalizes the above definition of a single non- 
deletable r-cancelation point in a path r. Let r be a reduced edge-path in Gr 
and let yi, . . . ,yk be all r-cancelation points in r. We say that these points are 
non-deletahle in r if the number of r-cancelation points in [/*(t)] is equal to k for 
each i ^ 0. 

By Propositions 18.41 and 17.9^ we can check, whether the points yi, . . . ,yk are 
non-deletable in r. If they are non-deletable, the path r is called stable. By 
Proposition 18.21 one can algorithmically find a number s ^ such that the path 
[/"(r)] is stable. 

If T is stable and yi, . . . ,yk are all non-deletable r-cancelation points in r, then 
we can write r in the form r = foo^i^i • • • ^kbk, where the paths bj are r-legal 
or trivial and Ai, . . . ,Ak are r-cancelation areas corresponding to yi, . . . , yfc in r. 
Such expression is called the A- decomposition of r. 

By Remark 18.71 if r has the ^-decomposition r = 60^1^1 • • • A^b^, then for every 
z ^ 1, the path [P{t)] has the ^-decomposition [/*(r)] = b^ ■ A^ ■ b\ ■ . . . ■ A^ ■ b\, 
where fe* = [r{bj)] and A- = [p{Aj)] for all possible j. 

Consider r as a path in the subdivided relative train track F' and let P = P{f') 
be the constant from (RTT-iv). Then the ^-decomposition of [/^(t)] has the 
property that all the subpaths A^ and b^ are edge-paths in F'. This observation 
explains why we prefer to work with the subdivided relative train track /' rather 
than with /. 

D. Let F be a finite connected graph with a distinguished vertex v and let 
/ : F — F be a homotopy equivalence such that /(F*^) C F°, / is locally injective 
on F \ F°, and f{v) = v. Thus, / is not necessarily a (subdivided) relative train 
track. In Section 5 and here we define a graph Dj and describe a procedure which 
helps to compute a basis of the group 

FR{f):={[[p]]e7r,{T,v)\f{p)=p}. 

In Sections 9-15, we will convert this procedure into an algorithm in case, where 
/ is a subdivided relative train track satisfying the property (Pol). From this we 
will deduce an algorithm for computing Fix(a). 
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A definition of the graph Df. An f-path in F is an edge-path /i in F (possibly 
trivial) such that / maps the initial point of fi to the terminal point of fi. Thus, if 
/i is an /-path in F, the path fif{fi) is well defined. The vertices of the graph Df 
are reduced /-paths. A vertex fi of Df is called trivial if /i = 1„ for some vertex 
M of F fixed by /. Two vertices fi and t in Df are connected by an edge (from n 
to r) with label if i? is an edge in F outgoing from the same vertex as n and we 
have [Efif{E)] = r. 



We set /(yU.) := [Eij,f{E)] if E is the first edge of the /-path n (in particular, /i 
must be nontrivial). Clearly, /i and f{fi) are connected by an edge with the label 
E in Df. The direction of this edge is called preferable at fi. Preferable directions 
at all nontrivial vertices determine a fiow in Df. Starting at fi and moving along 

this fiow, we get vertices /i = fii, /i2, . . . , where /ij+i = f{f^i), i ^ 1. These vertices 
together with the directed edges we pass form a subgraph in Df which we call the 
^-subgraph. The /i-subgraph is either a finite segment, or a finite segment with a 
cycle, or a ray (see Figure 5). 

An edge e connecting two vertices u^w in D f is called repelling if the direction 
of e is not preferable at u and the direction of the opposite edge e is not preferable 
at w. Endpoints of repelling edges are called repelling vertices. By Proposition 15. 2[ 
there exist only finitely many repelling edges in Df and they can be algorithmically 
found. 



E. Recall that v is the distinguished vertex of F and f{v) = v. Since ly is an 
/-path, we can consider ly as a vertex of Df. Let Df{ly) be the component of 
Df containing 1„. The fundamental group 7ii{Df{ly),ly) can be identified with 
Fix(/), see Lemma [531 

A component of Df is called repelling if it contains at least one repelling edge. 
Let Ci, . . . ,Cn be all repelling components of Df. For each Cj, let CoRe{Ci) be 
a core of Ci which contains all repelling edges of Ci. We set Cf := U^L^^Cj and 
CoRe{Cf) := UtiCoi?e(Ci). 

By Proposition 15. 6[ to compute a basis of 7ri{Df{ly), ly), it sufiices to construct 
CoReiCf) and to decide, whether the vertex 1^ lies in the /x-subgraph for some 
repelling vertex 
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Figure 1. 

An example of a graph Df with three repelhng 
components. One of them is contractible. 



F. It turns out that CoRe{Cf) is contained in the union of the repelhng edges and 
the /x-subgraphs, where fi runs over the set of repelling vertices. So, to construct 
C oRe{C f) , it suffices to do the following: 

(1) Compute repelling edges. 

(2) For each repelling vertex determine, whether the //-subgraph is finite 
or not. 

(3) Compute all elements of all finite /i-subgraphs from (2). 

(4) For each two repelling vertices /i and r with infinite /i-and r-subgraphs 
determine, whether these subgraphs intersect. 

(5) If the //-subgraph and the r-subgraph from (4) intersect, find their first 
intersection point and compute their initial segments up to this point. 

As it was mentioned above, step (1) can be done algorithmically. Using Propo- 
sitions [5]T1] and [5lT5l we show in Section 5 that steps (2)- (5) can be done algorith- 
mically if the following two problems are solvable: 
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Problem 1. Given two vertices /x and r of the graph Df, verify whether r is 
contained in the /i-subgraph. 

Problem 2. Given a vertex /i of the graph Df, determine whether the /i-sub- 
graph is finite or not. 

In the part G, we sketch a solution of these problems in the case where / is a 
subdivided relative train track satisfying the property (Pol). Hence, for such / we 
can compute a basis of Fix(/). By the part B, we may assume that a is realized 
by such /. Using this, we can compute a basis of Fix(a). 

G. From now on and to the end of this section, we assume that / : (F, f ) — )■ (F, t") 
is a subdivided relative train track satisfying the property (Pol). Let = Gq C 
■ ■ ■ C G*Af = r be the filtration associated with /. 

To solve Problems 1 and 2, we investigate /i-subgraphs in in details. The 
difficulty is that we cannot control cancelations in passing from fi = E1E2 . . . Es 
to /(/i) = [E2 . . . Es ■ f{Ei)\ and, more generally, from / *(/i) to / ^^^{jj), i ^ 1. 
However, we will show that if the ^-subgraph is infinite, it contains a vertex vq 
which is in some sense perfect (see Definitions llO.il [10.3^ and 114. II where we define 
r -perfect, A-perfect, and E-perfect /-paths, respectively; see also Propositions 113.^ 
and 114.21 for the proof). 

If Vo is r-perfect or A-perfect, there is no cancelation in passing from vq to 
f{vo). Some other good properties of perfect vertices are collected in Proposi- 
tions MM and MM 

Observe that 

- if the /i-subgraph is infinite, it contains infinitely many perfect vertices; 

- for any vertex u of Df, one can check, whether u is perfect and if yes, one can 
detect the kind of perfectness of u. 

Hence, moving along the /x-subgraph, we either detect that the /i-subgraph is 
finite, or we find a perfect vertex vq in the /i-subgraph of sufficiently large /-length 
(we need vq with l{vo) ^ K, where K = K[f) is a computable constant from 
Proposition 19.51 8)). Note that in the second case we still have to decide whether 
the /i-subgraph is infinite. In Gl - G3, we briefiy describe how we do this depending 
on the kind of perfectness of Vq. The full proof is given in Section 15. 

Gl. If fo is an r-perfect path in Gr, then the stratum Hr is exponential. 
Let Ar > 1 be the Perron- Frobenius eigenvalue corresponding to Hr. Then, by 
Lemma [15. II we have the following: 

(1) L,(/ *+i(t;o)) ^ Lr{7\v^)) > for all z ^ 0. 

(2) There exist computable natural numbers mi < m2 < . . . , such that 
^r(/ "'(fo)) = KLr{vo) for all I ^ 1. 
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Hence, if vq is r-perfect, then the fo-subgraph is infinite, and so the /i-subgraph 
is infinite, which solves Problem 2. Also Problem 1 can be easily solved with the 
help of Lr- 

G2. If fo is an A-perfect path in Gr and r is minimal, then the stratum H,. 
is exponential as well. By Proposition 110.4^ we can algorithmically find a finite 
number of A-perfect /-paths /io,i, • • • ,/io,fc) where Vq = /io,i, which, considered as 
vertices oi Df, lie in the /^-subgraph and satisfy the following properties: 

(1) For any 1 ^ j ^ k and i ^ 0, the path fj,ij := [f^fJ^oj)] is an A-perfect 
/-path. 

(2) For any 1 ^ j ^ k and i ^ 0, the vertex fiij of Df lies in the yUo,i-subgraph. 
Moreover fiij = f '"'■^(/io,i) for some niij satisfying niij < mj^+i and 

(3) If (T is a vertex of the /io,i-subgraph such that the /-path a is A-perfect, 
then a coincides with /ij j for some 

This implies that we can solve Problem 2 if we answer the following question: 
Does there exist ^ p < q such that [/^(/io,i)] = [f'^{fJ'0,i)V This question can be 
answered with the help of Corollary 14.91 

We will reduce Problem 1 to the case where r is A-perfect. In this case we 
will reduce Problem 1 to the following question: Does there exist p ^ such that 
[/^(/ioj)] = T for some 1 ^ j ^ /c? This questions can be answered with the help 
of Corollary I4l8l 

Both corollaries follow from Theorem 14.71 which was proved by P. Brinkmann 
(see [121 Theorem 0.1]). 

G3. If Wo is an i?-perfect /-path in Gr and r is minimal, then Hj. is a polynomial 
stratum. Let E be the unique (up to inversion) edge of Hr- We write the /-path 
Vq in the form vq = EibiE2 . . . E^bk, where Ei, . . . ,Ek G {E, E} and bi, . . . ,bk are 
paths in G^-i- 

By Proposition 114. 2[ we can algorithmically find a finite number of E'-perfect /- 
paths /io,i, . . . , /Uo,fc, where Vq = yU.0,15 which, considered as vertices of Df, lie in the 
/i-subgraph and satisfy the properties analogous to (l)-(3) from Case G2. The only 
difference is that the A-perfectness must be replaced by the i?-perfectness and the 
definition of /ijj must be replaced by the following: fiij := \ci^f\fJ'0,j)f{ci,Ej)], 
where Ci^Ej are paths defined at the beginning of Section 14. This and some rewrit- 
ing trick enable us to solve Problems 1 and 2 with the help of Corollaries 14 . 8 1 and 14 . 9 1 
similarly to Case G2 (see Sections 14 and 15). 
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4. A RELATIVE TRAIN TRACK FOR AN AUTOMORPHISM 
OF A FREE GROUP OF FINITE RANK 

First we recall the definition of a relative train track from Let / : F — )■ F 
be a homotopy equivalence such that f{T^) C F'^ and the map /|r\ro is locally 
injective. As it was mentioned in Section 2, for every edge G F^, we can consider 
f{E) as a nontrivial reduced edge-path. 

A turn in F is an unordered pair of edges of F originating at a common vertex. 
A turn is nondegenerate if these edges are distinct, and it is degenerate otherwise. 
The map / : F — )■ F induces a map D/ : F^ — )■ F^ which sends each edge E E 
to the first edge of the path f{E). This induces a map Tf on turns in F by 
the rule Tf{Ei,E2) = {D f (Ei) , D f {E2)) . A turn (^1,^2) is legal if the turns 
{Tf)^{Ei, E2) are nondegenerate for all n ^ 0; a turn is illegal if it is not legal. 
An edge-path E1E2 . . . E^ in F is legal if all its turns {Ei, -Ej+i) are legal. Clearly, 
a legal edge-path is reduced. 

From each pair of mutually inverse edges of the graph F we choose one edge. 
Let {-El, . . . ,Ek} be the ordered set of chosen edges. The transition matrix of the 
map / (with respect to this ordering) is the matrix M{f) of the size k x k such 
that the ij^^ entry of M{f) is equal to the total number of occurrences of the edges 
Ei and Ei in the path f{Ej). 

A filtration for / : F — > F is an increasing sequence of (not necessarily connected) 
/-invariant subgraphs = Gq C ■ ■ ■ G Gn = F. The subgraph Hi = cl{Gi\ Gi-i) 
is called the i-th stratum. Edges in Hi are called i-edges. A turn with both edges 
in Hi is called an i-turn. A turn with one edge in Hi and another in is called 
mixed in (Gj, Gj-i). We assume that the edges of F are ordered so that the edges 
from Hi precede the edges from -ffj+i. The edges from Hi define a square submatrix 
Mi of M if). 

If the filtration is maximal, then each matrix Mi is irreducible. If Mj is nonzero 
and irreducible, then it has the associated Perron- Frobenius eigenvalue Aj ^ 1. If 
Aj > 1, then the stratum Hi is called exponential. If Aj = 1, then the stratum Hi 
is called polynomial. In this case Mj is a permutation matrix, hence for every edge 
E E Hi the path f{E) contains exactly one edge of Hi, all other edges of f{E) lie 
in Gr-i. A stratum Hi is called a zero stratum if Mj is a zero matrix. In this case 
f{E) lies in Gj_i for every edge E E Hi. 

Let / : F — )■ F be a homotopy equivalence such that /(F°) C F*^ and the map 
/|r\ro is locally injective. The map / is called a relative train track if there exists 
a maximal filtration for / such that each exponential stratum Hr of this filtration 
satisfies the following conditions: 
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(RTT-i) Df maps the set of edges of Hr to itself; in particular all mixed turns in 
{Gr,Gr-i) are legal. 

(RTT-ii) If p C _i is a reduced nontrivial edge-path with endpoints in Hr fl Gr-i, 
then [/(p)] is a nontrivial edge-path with endpoints in fl Gr-i- 

(RTT-iii) For each legal edge-path p C Hy, the path /(p) does not contain any illegal 
turns in Hr- 

A nontrivial reduced edge-path in Gr is called r-legal if it has no illegal turns 
in Hr- A nontrivial reduced path p in Gr is called r-legal if the minimal edge-path 
containing p is r-legal. 

Proposition 4.1. (see [71 Lemma 5.8]) Suppose that f : T ^ T is a relative train 
track and Hr is an exponential stratum ofT. Let p be a reduced r-legal path: 

p = bo ■ ai ■ bi ■ . . . ■ ak -bk, 

where /c ^ 1, ai, . . . , are paths in Hr, and bo, . . . ,bk are paths in Gr-i, and all 
these paths except maybe bo and bk are nontrivial. Then 

[/(P)] = Ifibo)] ■ f{ai) ■ [fib,)] ■ . . . ■ /(a,) ■ [fib,)] 

and this path is r-legal. Moreover, for all i ^ 1 we have 

[f'ip)] = [f'ibo)] ■ [f (ai)] ■ [f • . . . ■ [f (a,)] ■ [f\b,)] 

and these paths are r-legal. 

The r-length function L^. Let Hr be an exponential stratum and let v be 
a positive vector satisfying vMr = \rV. Since Mr is an integer matrix, we can 
choose V so that the coordinates of v are rational functions of A,- over Q. If Ei is 
the i^^ edge of Hr, define LriEi) = vf, if E is an edge of Gr-i, define LriE) = 0. 
For an arbitrary edge-path r in Gr, we define its r-length Lrir) as the sum of 
r-lengths of edges of r. Then we have (/(£')) = XrLriE). 

Lemma 5.10 in [7] claims that can be extended to a function Lrip) for paths 
p C Gr so that we will have Lj,(/(p)) = XrLrip) for any r-legal path p. (Note 
that the proof of this lemma shows that this formula holds for any path p C Gr-) 
This and Proposition 14.11 imply that for every exponential stratum Hr and every 
reduced r-legal path p C Gr we have Lr([/(p)]) = XrLrip). 

The function Lr has else one useful property: if p is a nontrivial initial or terminal 
segment of an edge in Hr, then Lrip) > 0- 

In [71 Theorem 5.12]), Bestvina and Handel proved that for every outer automor- 
phism O of Fn, there exists a stable relative train track / : F — F representing O. 
Their proof does not give an algorithm to construct such train track. However, one 
can extract from the proof an algorithm constructing a relative train track for O. 
We formulate this more precisely for automorphisms of free groups. 
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Theorem 4.2. (see [71 Theorem 5.12]) Let F be a free group of finite rank. For 
each automorphism a of F, one can algorithmically construct a finite connected 
graph T and a relative train track / : F -> F, and indicate a vertex v G F°, a 
path p G T from v to f{v), and an isomorphism i : F ^ 7ri(F,f) such that the 
automorphism i^^ ai of the group 7ri(F,w) coincides with the map given by the rule 

where [[x]] G 7ri(F, v). 

Remark. There is also a brute force way to construct a relative train track 
(abbreviated RRT) representing a in the sense of the above theorem. The idea is 
to enumerate all combinatorial RTT and then find one which represents a. 

We explain why the set of all combinatorial relative train tracks is enumerable. 
First, one can enumerate the combinatorial representatives of all homotopy equiva- 
lences / : F -> F with the property that F is a finite connected graph, /(F°) C F°, 
and the map /|r\ro is locally injective. For any given /, one can enumerate all pos- 
sible maximal filtrations. Then one can check, given / with a maximal filtration, 
whether they satisfy (RTT-i) - (RTT-iii). The verification of (RTT-i) is trivial, the 
verification of (RTT-iii) can be reduced to that for edges of Hr and so is also trivial. 
Thus, we may assume that (RTT-i) and (RTT-iii) are satisfied. In particular, the 
set of vertices Hr fl Gr-i is /-invariant. Now we explain how to verify (RTT-ii). 

Given a pair of vertices u,u' in Hj. fl Gr-i, we have to verify, whether (RTT-ii) 
is fulfilled for p C Gr-i connecting u and u'. Since / is a homotopy equivalence, 
(RTT-ii) is fulfilled in case u = u' . So, we may assume that u ^ u' . 

If u,u' lie in different components of Gr-i, there is no such p and (RTT-ii) is 
trivially fulfilled. So, we assume that there is a path in G^-i from u to u'. Choose 
one of them and denote it by Tu,u'- 

If f{u) 7^ f{u'), then every edge-path p C Gr-i with endpoints u,u' satisfies 
(RTT-ii). Suppose that f{u) = f{u'). Since fiju^u') is a loop, we can find a 
reduced loop Tu <Z T based at u such that [f{Tu,u')] = [/('?"«)]• We claim that 
(RTT-ii) is fulfilled for any p C Gr-i connecting u and u' if and only if r„ ^ Gr-i- 
Indeed, suppose that [/(p)] is trivial. Then [/(r„^„/p)] = [/(r„,«')] = hence 
the loops [Tuyp] and Tu coincide, in particular r„ C G^-i- Conversely, if r„ C Gr-i, 
then p := [fuTuy] lies in Gr-i and nontrivial, but the path [/(p)] is trivial. 

Thus, we can enumerate all combinatorial relative train tracks. For a given 
combinatorial relative train track / : F — )■ F, we can enumerate all vertices 
f G F and paths p from v to f{v), and isomorphisms i : F ^ iTiiV^v). For 
every such f,v,p,i, we can verify, whether the formula in Theorem 14.21 determines 
the isomorphism i~^ai. Proceeding diagonally, we can find the desired relative 
train track. □ 
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Below we will replace the map / : F — !■ F by an iterate. Doing that, we must be 
careful: a positive power of / can map an edge of F to a non-reduced edge-path. 
Thus, we deem the phrase passing to a positive power of f, to mean that for fixed 

G N, we pass from consideration of / : F — )• F to consideration of the map 
/'l : F — J- F that sends each edge in F to the reduced edge-path [/^(i?)]. 

Passing to an appropriate positive power of /, refining the maximal filtration, 
and using subdivisions of edges of polynomial strata, one can prove the following 
variation of Theorem 14.21 (which is a part of Theorem 5.1.5 in [1]). 

Theorem 4.3. Let F be a free group of finite rank. For any automorphism a of F, 
one can algorithmically compute a natural number n, construct a finite connected 
graph F and a relative train track / : F — )■ F, and indicate a vertex v ^ T^, a 
path p C F from v to f{v), and an isomorphism i : F ^ 7ri(F,t;) such that the 
automorphism i~^a"'i of the group vri(F, v) coincides with the map given by the rule 

[W]^[[p]]/*([N])[[p]], 

where [[x]] G 7ri(F,t'), and the following condition is satisfied: 

(Pol) Every polynomial stratum consists of only two mutually inverse edges, 
say E and E. Moreover, f{E) = E ■ a, where a is a path in Gr—i- 

We will use the following simple criterium to check, whether a given map between 
two 1-dimensional CW-complexes is a homotopy equivalence. 

Proposition 4.4. Let X, Y be finite connected 1-dimensional CW-complexes and 
let f : X —> Y be a continuous map. Then f is a homotopy equivalence if and 
only if f induces an isomorphism between the fundamental groups tti {X, v) and 
7ri(y, f{v)) for some vertex v of X . 

The following theorem says that in Theorem 14.31 we can provide f{v) = v and 
choose p equal to the trivial path at v. 

Theorem 4.5. Let F be a free group of finite rank and a be an automorphism 
of F. Let n be the natural number and f : T T be the relative train track from 
Theorem \4.^ Then one can algorithmically extend F to a finite connected graph Fi , 
extend f to a relative train track /i : Fi — Fi , and indicate a vertex Vi G F^ fixed 
by fi, and indicate an isomorphism j : F — )■ 7ri(Fi,t>i) such that the automorphism 
j^^a^j of the group 7ri(Fi,fi) coincides with (/i)*. Moreover, one can provide the 
following property: 

(Pol) Every polynomial stratum Hr consists of only two mutually inverse edges, 
say E and E. Moreover, f{E) = E ■ a, where a is a path in Gr^i- 

Proof. Let n, v, p, i : F ^ 7ri(F,u) be the number, the vertex, the path, and 
the isomorphism from Theorem 14. 3[ respectively. In particular, for every w E F 
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we have 

z(a"H) = [[p]]/.(zH)[[p]]. (4.1) 

Let Fi be the graph obtained from F by adding a new vertex vi and a new edge 
E connecting Vi and /(f). We extend the homotopy equivalence / : F — F to the 
map /i : Fi — !■ Fi by the rule fi{vi) = Vi and fi{E) := Ef{p). Clearly, /i is a 
homotopy equivalence by Proposition 14.41 We define a maximal filtration for /i as 
extension of the maximal filtration for / with the help of the new top polynomial 
stratum consisting of the edges E and E. Clearly, fi satisfies the property (Pol). 

Finally, we define the isomorphism j : F ^ 7ri(Fi,fi) by the rule 

j{w):=[[E]]Mt{^mE]], weR 

To complete the proof, we verify that the automorphism j~^a"'j of the group 
7ri(Fi,Wi) coincides with the induced automorphism (/i)* : 7ri(Fi,fi) — )■ 7ri(Fi,i;i). 
It suffices to check that (/i)*(j(w^)) = for any w E F. Using (4.1), we 

have 

(/i)*(jH) = ifMmwHm]) = [[Ef{pmf)M^mmm = 

= [[E]]mc^-iwm[E]]=j{a-iw)). 

□ 

For convenience, we reformulate Theorem 14.51 as follows. 

Theorem 4.6. Let F be a free group of finite rank and a be an automorphism 
of F. One can algorithmically compute a natural number n, construct a relative 
train track f : {T,v) — )■ (F,f), and indicate an isomorphism j : F ^ 7ri(F,f) such 
that the automorphism j'^a^j of the group 7ri(F,f) coincides with Moreover, 
one can provide the following property: 

(Pol) Every polynomial stratum Hr consists of only two mutually inverse edges, 
say E and E. Moreover, f{E) = E ■ a, where a is a path in Gr^i- 

Let F be a free group of finite rank with a fixed basis X. For any element w E F 
let \w\ be its word length with respect to X. 

The following theorem was proven by P. Brinkmann in [131 Theorem 0.1] (an 
earlier inefficient version can be found in [H]). 

Theorem 4.7. There exists an algorithm which, given an automorphism a of a 
free group F of finite rank and given elements u, v G F, verifies, whether there 
exists a natural N such that a^{u) = v. If such N exists, then the algorithm will 
compute N as well. 
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Corollary 4.8. Let T be a finite connected graph and f : T ^ T be a homotopy 
equivalence sending edges to edge-paths. Then for any two edge-paths p, r in T , 
one can algorithmically verify, whether there exists a natural number k such that 

np) = r. 

Proof. First we reduce the problem to the case, where / fixes the endpoints 
of p. Let Ui and Vi be the initial and the terminal vertices of pi := f^{p). Since 
/ acts on the finite set r° x r°, there exist natural numbers r, n such that (uj, Vi) = 
{ui+n,Vi+n) for i^r. 

First we check, whether f^{p) = t for k < r. If yes, we are done, if no we 
investigate the case k ^ r. Given such k, we can write k = i + ln for some / ^ 
and r ^ i < r + n. So, we have f^{p) = g''{pi), where g := Thus we have to 
investigate n problems: does there exist / ^ such that g^Pi) = T,r^i<r-\-n. 
Note that g fixes the endpoints of pi. 

So, from the beginning, we may assume that / fixes the endpoints of p and 
a{p) = a(r), and ijj{p) = uj{t). 

Let Fi be the graph obtained from F by adding a new vertex v and two new 
oriented edges: Ei from v to a{p) and E2 from v to 00 {p). Let /i : Fi — )■ Fi be the 
extension of / which acts identically on Ei,E2. Clearly, /i is a homotopy equiva- 
lence which fixes v. Let (/i)* : 7ri(Fi, v) — )■ 7ri(Fi, v) be the induced automorphism. 
We have 

f\p) = T ^ f^iE^pE^) = E,tE2 ^ {f,t{[[E,pE2]]) = [[E,tE2]]. 

Thus, the problem is solvable by Theorem 14.71 □ 

Corollary 4.9. Let T be a finite connected graph and / : F — )■ F be a homotopy 
equivalence sending edges to edge-paths. Then for any two edge-paths p, r in T , 
one can algorithmically verify, whether there exist natural numbers k > s such that 

f\p) = r{r). 

Proof. Let Ui and Vi be the initial and the terminal vertices of f^{p), i ^ 0, and 
let u'j and Vj be the initial and the terminal vertices of /•'(t), j ^ 0. First we 
can decide, whether there exist i,j such that {ui,Vi) = {u'-.v'^). If such z,j don't 
exist, then the desired /c, s don't exist. If such z,j exist, we can algorithmically 
find natural j, n with the following properties: 

1) (ui.Vi) = iu'j,Vj); 

2) {ui,Vi) = (wj+n, Wj+n) and n is minimal; 

3) t > j; 

4) i — j is the minimal possible for l)-3). 

So, we reduce the problem to the following: does there exist p ^ q ^ such that 
= fi+i^{T)7 We set pi := /^(p), n := p(r), g := f". Then the endpoints 
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of pi and Ti coincide and are fixed by g. In this setting we have to decide, whether 
there exist p ^ q ^ such that g^{pi) = g'^i'Ti)- 

We extend F to T' by adding an edge E from Vi to Ui and we extend g to 
g' : r' ^ r' by setting g'l^ = g and g{E) = E. Then the problem is equivalent to 
the following: does there exist p ^ g ^ such that g'P{piE) = g"i{TiE)l 

Since g' is a homotopy equivalence and piE and tiE are loops based at the same 
point, and this point is fixed by g' , we have 

g'^ip^E) = g'^inE) ^ g'^^'ipiE) = r,E. 

Thus, the problem can be reformulated as follows: does there exists m ^ such 
that g'"^{piE) = tiEI This can be decided by Theorem 14.71 □ 

Theorem 4.10. Let F he a free group of finite rank and let a he an automorphism 
of F of finite order. Then one can algorithmically compute a hasis o/Fix(a). 

Proof. Let H be the natural semidirect product of F and the finite cyclic group 
generated by a. In [29], Kalajdzevski gives an algorithm computing a finite gen- 
erating set of C//(a), the centralizer of a in H. Using the Reidemeister-Schreier 
method, one can easily compute a finite generating set of Fix(a) = Cuio) HF. Fi- 
nally, using Nielsen transformations or Stallings foldings, one can compute a basis 
ofFix(a). □ 

Corollary 4.11. Let a he an automorphism of a free group of finite rank and 
let n he a natural numher. Suppose we know a hasis o/Fix(tt"). Then we can 
algorithmically compute a hasis o/Fix(a). 

Proof. The restriction of a to Fix(a") has finite order dividing tt,, and Fix(a) is 
a subgroup of Fix(a"). Applying Theorem 14.101 to F := Fix(a'^) and a\p, we can 
compute a basis of Fix(a). □ 

Thus, for computing a basis of Fix(a), it suffices to compute a basis of the group 

FS(/) = {[M]evri(F,t;)|/(r) = r}, 

where F is the graph, v is the vertex and / is the relative train track from The- 
orem 14.61 In Section 9, we will show that we may assume that / satisfies some 
additional property (RTT-iv). 

We need the following bounded cancelation lemma of Cooper, see [T7], where it 
is credited to Grayson and Thurston. 

Lemma 4.12. Let T he a finite connected graph and f : T T he a homotopy 
equivalence sending edges to edge-paths. Let ti,T2 he reduced paths in F such that 
uj{ti) = a{T2) and the path T1T2 is reduced. Then 

/([/(rir2)])^/([/(ri)]) + /([/(r2)])-2a, 
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where > zs an algorithmically computable constant which depends only on f . 

5. Graphs Df and CoRe{Cf) 

FOR A HOMOTOPY EQUIVALENCE / : T T 

In this section we recall some constructions and facts from [2H1 EZ] and Let 
r be a finite connected graph with a distinguished vertex f^,. Let / : F — )■ F be 
a homotopy equivalence which maps vertices of F to vertices and which is locally 
injective on F \ F°, and suppose that / fixes w*. We consider the group 

FR{f) := {[[p]] e iT,{T,v,)\ fip) = p}. 

In papers EZ], the authors suggest a procedure for computation of a basis of 
Fix(/) with the help of a graph Df. This procedure is not an algorithm in general 
case, since one cannot determine from the beginning, whether it terminates or not. 
We give a description of this procedure. 

Definition of /-paths. An edge-path in F is called an f-path if the last point 
of /i coincides with the first point of /(/i). 

/(m) 




Figure 2. 
Nontrivial and trivial /-paths fi. 

We note the following properties of /-paths: 

- the trivial path at a vertex u of F, denoted lu, is an /-path if and only if 
u is fixed by /; 

- if /i is an /-path, then [/i] is also an /-path; 

- if /X is an /-path and E is an edge in F such that a{E) = a{fi), then Efif{E) 
is also an /-path. 

Definition of the graph Df. The vertices of Df are reduced /-paths in F. Let 
/i be a reduced /-path in F and let Ei, En be all edges in F outgoing from a{fi). 
Then we connect the vertex /x of to the vertices [Eifif{Ei)], . . . , [_E„/i/(_E„)] by 
edges with labels Ei, . . . , En, respectively, see Figure 3. The label of an edge-path 
in the graph Df is the product of labels of consecutive edges of this path. 

In general, the graph Df can have infinitely many connected components and 
some of them can be infinite. For a vertex fi of Df, let Df{fi) be the component 
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of Df containing /i. Lemma [5.31 says that 7Ti{D{ly^), l^J = Fix(/). This was first 
proved in [26] with the help of preferable directions at vertices of Df. 

Preferable directions at vertices oi Df, dead and live vertices of Df. 

For a reduced nontrivial /-path /i in F, we set /(/i) := [Efif{E)], where E is the 
first edge of fi. Then fi and f{fj,) are vertices of the graph Df connected by the 
edge with label E. The direction of this edge is called preferable at the vertex fi. 
We will put the symbol > on this edge near the vertex /i. 

in F: in Df : 




Figure 3. 

Note that only the vertices 1^,, where G F° and fiw) = w, do not admit a 
preferable direction. We call such vertices dead and all other live. 

Observe that at all vertices of Df, there is at most one outwardly directed edge. 

Ordinary, repelling and attracting edges of Df. 
The following definition is illustrated by Figure 4. 

Definition 5.1. Let e be an edge of Df, let p,q be the initial and the terminal 
vertices of e, and let E eT^ he the label of e. 

(1) The edge e is called ordinary in D/ if one of the following holds: 

(a) E is the first edge of the path p in F and E is not the first edge of the 
path g in F 

(b) E is not the first edge of the path p in F and E is the first edge of the 
path g in F. 
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(2) The edge e is called repelling in Df if E is not the first edge of the path p 
in r and E is not the first edge of the path q in T. 

A vertex of is called repelling if it is a vertex of a repelling edge. 

(3) The edge e is called attracting in Df if E is the first edge of the path p in 
r and E is the first edge of the path g in F. 

An edge of is called exceptional if it is attracting or repelling. 



Ordinary edges: 

E E 
•-^ • • > ^ 

p q p I 



Exceptional edges: 



E 

•-^ ' ^ 

p q 

Attracting edge 



E 



P Q 
Repelling edge 



Figure 4. Different types of edges in Df. 

Proposition 5.2. (see [261 137] and [16]) (a) The repelling edges of Df are in 1-1 

correspondence with the occurrences of edges E in f{E), where E & T^. More 
precisely, there exists a bijection of the type: 



f{E) = u-E-v 



E 



E 



a(E) V 

E 



E 



if u and v are nonempty, 
if u is empty and v not, 
if V is empty and u not, 
if u and v are empty. 
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(b) The attracting edges of Df are in 1-1 correspondence with the occurrences 
of edges E in f{E), where E E . More precisely, there exists a bijection of the 
type: 

f{E) =u-E-v ^ ^ ^ 

E-u 'E-u 



(c) There exist only finitely many exceptional edges in Df and they can he algo- 
rithmically found. 

The following fundamental lemma was first proved by Goldstein and Turner 
in [26]. We reproduce here their nice proof for completeness. 

Lemma 5.3. (see [26]) The fundamental group of each component of D f is finitely 
generated. Moreover, 7ri(D(l^J, l^J = Fix(/). 

Proof. Observe that a connected locally finite graph has finite rank if and only 
if the edges of this graph can be directed so that at all but a finite number of 
vertices, there is at most one outwardly directed edge. 

Let D'f be the graph obtained from -D/ by removing all exceptional edges. Each 
component of D'j has only ordinary edges, and these edges carry preferable direc- 
tions which satisfy the above observation. Hence each component of D'j has finite 
rank. Since there is only finitely many exceptional edges in Dj, each component 
oi Df has finite rank. 

Let us prove the second claim in a little bit general context. Let /i be a vertex 
iTL Df and suppose that c is a closed path in Z)j based at Let i = E1E2 ■ ■ ■ E^ 
be the label of c; so all Ei are edges in F. Then 

/i, [E,^if{E^)], \E2E^iif{E^)f{E2)l \^^^f{^)] 

are consecutive vertices of c and we have \iiif{t)\ = /i. 

So, £ is an edge-path in F based at and satisfying [fif{i)j[] = [(]. The 

correspondence c ^ i induces the isomorphism 

7ri(D^(^),/i) = {[[p]] e vri(F,a(^)) | = [[p]])}. 

Setting /i := 1^^, we obtain the second claim of the lemma. □ 

Definition of a /i-subgraph oi Df. Let /i be a vertex itl Df. If /i is not a dead 
vertex, i.e. if n = E1E2 . . . E^ for some edges E^ e F^, m ^ 1, we can pass from 
/i to the vertex /(/i) = [E2 . . . Emf{Ei)] by using the direction which is preferable 
at fi. 

The vertices of the ^-subgraph are the vertices fii, /i2, ... of Df such that /ii = /i 
and /ij+i = /(yUj) if the vertex /ij is not dead, i ^ 1. The edges of the /i-subgraph 
are those which connect /ij with yUj+i and carry the preferable direction at /i,. 
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Note that the /i-subgraph is finite if and only if starting from /i and moving along 
the preferable directions we will came to a dead vertex or to a vertex which we 
saw earlier. If the yU.-subgraph is infinite, we call it a fi-ray. Thus, any /i-subgraph 
is one of the following four types: 

• ■ ■ ■ • a segment ending at a dead vertex 

a segment with an attracting edge 
n which can be considered as a cycle 




a segment with a cycle 



»^ »^ »^ . ■ ■ ■ a ray 

Figure 5. 

Let /i and r be two vertices of Df. Clearly, if the //-subgraph and the r-subgraph 
intersect, then they differ only by their finite "initial subsegments" . The vertex 
/ij from this intersection with minimal i is called the intersection point of these 
subgraphs. 

Note the following properties of /i-subgraphs: 

- if /io is a vertex of a //-subgraph, then the /tQ-subgraph is contained in the 
/t-subgraph; 

- if Hq is a vertex of a /t-subgraph and tq is a vertex of a r-subgraph, then 
the /i-subgraph and the r-subgraph intersect if and only if the /ig-subgraph 
and the ro-subgraph intersect; 

- a /i-ray does not intersect a finite r-subgraph. 

Definitions of the graphs Cf and CoRe{Cf). A component of Df is called 
repelling if it contains at least one repelling edge. Let Ci, . . . , C„ be all repelling 
components of Df. For each Ci, let CoRe{Ci) be a core of Ci which contains all 

repelling edges of Q. We set Cf := U d and CoRe{Cf) := U CoRe{Ci). 

i=l i=l 

Below we show how to compute a basis of the group 7ri(Dj(li,^), l^J if we know 
how to construct the graph CoRe{Cf). 
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Lemma 5.4. Let !„ be a dead vertex of Df. If the component is non- 

contractible, then it lies in Cf. 

Proof. Suppose that Z)j(l„) is non-contractible. Then there exists an edge-path 
p = E1E2 ■ ■ ■ Ek in Dfily) such that uj{Ek) = lu, the edges of p are distinct, 
and <y{Ei) = u^Eg) for some 1 ^ s ^ k. We show that p contains a repelhng 
edge. Suppose not, then the direction of Ek is preferable at a{Ek). By induction, 
the direction of Ei is preferable at the point a{Ei) for every i = l,...,k (see 
Figure 6). In particular, a{Ei) 7^ lu, and hence k > s. Then there are two 
preferable directions at a{Ei), namely the direction of Ei and the direction of 
Eg^i, a contradiction. Thus, p must contain a repelling edge. □ 




Figure 6. 

Lemma 5.5. Let 1„ be a dead vertex of Df. The vertex lu lies in Cf if and only 
if it lies in a ^-subgraph for some repelling vertex /i. 

Proof. Suppose that lu lies in Cf. Then there exists a shortest path E1E2 . . . Ek, 
where the edge Ei is repelling and uj{Ek) = lu- If = 1, then lu is repelling as 
a vertex of a repelhng edge, and we are done. If /c ^ 2, the edges E2, . . . ,Ek are 
not repelling. In particular, the preferable direction at a{Ek) coincides with the 
direction of E^. By induction one can prove that the preferable direction at <y{Ei) 
coincides with the direction of Ei for i ^ 2. Then 1„ lies in the //-subgraph for 
/i := u}{Ei) and the vertex fi is repelling. The converse claim is clear. □ 

Proposition 5.6. Suppose we can algorithmically construct CoRe{Cf) and decide 
whether the vertex 1^^ lies in the ^-subgraph for some repelling vertex fj,. Then we 
can compute a basis of 7Ti{Df{l^J,lyJ. 

Proof. By assumption and Lemma 15. 5^ we can algorithmically verify, whether 
1^^ lies in Cf. If 1^^ ^ Cf, then Df{ly^) is contractible by Lemma [5. 4[ 

If G Cf, then Df{ly^) is a component of Cf. By Lemma [5.51 we can find 
a repelling vertex /i such that the /x-subgraph terminates at 1^,^. Obviously, the 
/i-subgraph lies in D/(1„J. 



A BASIS OF THE FIXED POINT SUBGROUP OF AN AUTOMORPHISM 



25 



Since CoRe{Cf) is supposed to be constructible, we can find the component of 
CoReiCf) containing /i. Let A be tlie union of tliis component and tfie /x-subgrapli. 
Tlien A is a core of Df{l.^,^) containing 1^,,. In particular, we can compute a basis 
of 7ri(D;(Uj,l„J. □ 

To construct the graph CoRe{C f), it suffices to do the following: 

(1) Find all repelling edges oi Df. 

(2) For each live repelling vertex /i determine, whether the /i-subgraph is finite 
or not. 

(3) Compute all elements of all finite /i-subgraphs from (2). 

(4) For each two repelling vertices fi and r with infinite //-and r-subgraphs 
determine, whether these subgraphs intersect. 

(5) If the yU-subgraph and the r-subgraph from (4) intersect, find their first 
intersection point and compute their initial segments up to this point. 

To convert this procedure to an algorithm, we shall construct algorithms for 
steps (2) and (4). In papers [16] and |37] these algorithms are given only in some 
special cases (for positive and for irreducible automorphisms represented by train 
tracks for which each fixed point is a vertex). The main idea in these papers is 
to use an inverse preferred direction at vertices in the graph Df. This direction 
can be constructed algorithmically (in general case) with the help of a homotopic 
inverse to /. It determines its own repelling edges, repelling and dead vertices; 
they can be algorithmically found. 

Inverse preferred directions in Df. We will realize the following plan. First 
we will define a map g : T ^ T which is a homotopy inverse to / : F — )■ F. Then we 
show that there is a label preserving graph map Dg. Finally we define 

the inverse preferred directions for vertices in by pulling back the preferred 
directions in Dg by $. This idea is due to Turner [37], and has sources in the 
paper of Cohen and Lustig [16]. Note that in [37], the map $ is claimed to be 
locally injective (see Proposition in Section 3 there), and we claim that $ is an 
isomorphism. 

For the given homotopy equivalence / : F — F, we can algorithmically find a 
homotopy equivalence g : T ^ T such that g maps vertices of F to vertices, edges 
to egde-paths, and the maps h := g o f and fog are homotopic to the identity 
on F. Let : F x [0, 1] — F be a homotopy from the identity id to h. For each 
vertex u in F, let Pu be the path from u to h{u) determined by the homotopy H: 
namely Pu(t) = H{u,t), t G [0, 1]. 

First we define a map $ from the set of vertices of i^j to the set of vertices 
of Dg. Let /i be a vertex in Df. We consider // as a reduced /-path in F and let u 
be the initial vertex of /i. Then we set $(/i) = [PugiTi)]- Clearly, $(/i) is a reduced 
gf-path in F. Hence $(/i) can be considered as a vertex in Dg. 
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Lemma 5.7. The map $ can be continued to a graph map ^ : Dj ^ Dg preserving 
the labels of edges. 

Proof. Let /i and fii be two vertices in connected by an edge with label 
E, i.e. fii = [Efj,f{E)]. We must show that and $(/ii) are connected by 

an edge with the label E, i.e. = [E^{fi)g{E)]. Let u and w be the initial 

and the terminal vertices of E. Then u and w are the initial vertices of fi and fii, 
respectively. We have 

= [Pn.g{f(E)jlE)] = [p^h{E)g{-fl)g{E)] = \Ep^g{-fl)g{E)] = \E^{^Ji)g{E)]. 

Here we use the fact that h{E) is homotopic to p^Ep^ with respect to the 
endpoints. The latter follows from the continuity of the map H\{E x [0, 1]). □ 

Remark 5.8. Let /i be a vertex in Df. Then the following holds: 

1) The /-path /i and the (7-path $(/i) have the same initial vertices in F. 

2) Let El,..., En be edges outgoing from in F. Then the vertices /i 
and of the graphs Df and Dg have degree n and the labels of edges 
outgoing from each of these vertices are Ei, . . . , En. 

3) $ maps the star of the vertex jj, to the star of the vertex $(/i) bijectively 
and label preserving. 

Proposition 5.9. The map ^ : Df ^ Dg is an isomorphism of graphs. 

Proof. By Remark 15.81 3), it suffices to show that $ is bijective on vertices. 

First we show that $ is injective on vertices. Let ^1,^2 be two different vertices 
of Df. If the /-paths yUi and ^2 have different initial vertices in F, then, by 
Remark 15.81 1), the (/-paths $(/ii) and ^{^2) have different initial vertices in F 
too, hence ^ $(yU2)- 

Suppose that the initial vertices of the /-paths /ii and ^2 coincide and equal 
to u. Then their terminal vertices also coincide and equal to f{u). Since the 
/-paths /ii,/i2 are reduced, /ii 7^ /i2, and g is a. homotopy equivalence, we have 
[aM] ^ [^(/^2)], hence = [Pugifli)] ^ Mfe)] = *(/^2). 

Now we show that $ is surjective on vertices. Let r be a vertex in Dg, i.e. r is 
a reduced (7-path in F. Let u be the initial vertex of the path r. We will find a 
reduced /-path /i in F such that = r. Let /xi be an arbitrary path in F from 
u to f{u). Then the paths r and Pug{pi) have the same endpoints, so rpugiJIi) 
is a loop based at g{u). Hence, there exists a loop a in F based at u such that 
g[a) = TpugiJli). We set n := [a/ii]. Then = \pug{ji)] = [Pugi'Pi)g{'^)] = r. 

□ 
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Definition 5.10. The inverse preferred direction at a vertex /i in is tlie preim- 
age of tlie preferred direction at the vertex $(/i) in Dg under $. 

We formulate this more detailed. Recall that = [Pufi'(At)], where u is the 

initial vertex of the /-path /i. First suppose that the /-path is nontrivial and 
let E be the first edge of this path. Then the inverse preferred direction at the 
vertex fi oi Df is the direction of the edge of which starts at fi and has the 
label E. 

If the /-path is trivial in F, the inverse preferred direction at n in Df is 
not defined. 

Proposition 5.11. The inverse preferred direction is defined at almost all vertices 
ofDf. 

Proof. It suffices to show that for each vertex m in F, there exists at most one 
reduced /-path /i with = u and trivial $(//). Suppose that there are two such 
paths /ii,/i2. Then we have [pugifli)] = Kfi-fe)], and hence = [fi'(Ai2)]- 

Since /ii and fi2 are /-paths with the same initial vertex u and the same terminal 
vertex f{u), and g is a. homotopy equivalence, we have /ii = /i2- n 

Definition 5.12. Preimages, with respect to $, of repelling edges, repelling ver- 
tices and dead vertices of Dg are called inv-repelling edges, inv-repelling vertices 
and inv-dead vertices of Df. 

Note that there are only finitely many inv-repelling edges and inv-repelling and 
inv-dead vertices in Df, and they can be algorithmically found. 

Definition 5.13. A vertex of Df is called normal if the preferred and the inverse 
preferred directions at this vertex exist and do not coincide. 

The following propositions are contained in Claim b) in the proof of Theorem A 
in [57]. This claim was inspired by Lemma (4.8) and Proposition (4.10) from [TB] . 

Proposition 5.14. Suppose that R is a fi-ray in Df. Then the preferred direction 
on all but finitely many edges in R is opposite to the inverse preferred direction. 
In particular, almost all vertices in R are normal. 

Proposition 5.15. Let Ri and R2 be a fii-ray and a in Df, respectively. 

Suppose that they do not contain inv-repelling vertices and that their initial vertices 
fii and fi2 are normal. Then Ri and R2 are either disjoint or one is contained in 
the other. 

How to convert the procedure (l)-(5) for construction of the graph 
CoRe{Cf) into an algorithm 

As it was observed, it suffices to find algorithms for steps (2) and (4). 
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Using Propositions 15 . 141 and 15 . 151 Step (4) can be replaced by the following three 
steps. 

(4.1) For each repelling vertex /i whose /i-subgraph is a ray, find in this /i-ray a 
vertex /i' such that the /i'-ray does not contain inv-repelling vertices. 

(4.2) Find a normal vertex /i" in the /i'-ray. 

(4.3) For every two repelling vertices /i and r, whose /i- and r-subgraphs are 
rays, verify whether t" is contained in the /i"-ray or yu" is contained in the 
r"-ray. 

Step (4.2) can be done algorithmically because of Proposition I5.14t we move 
along the /i'-ray and await the appearance of the first normal vertex. Steps (4.1) 
and (4.3) can be done if we find an algorithm for the following problem. 

Problem 1. Given two vertices /i and r of the graph Df, verify whether r is 
contained in the /i-subgraph. 

Indeed, for Step (4.1) we first find all inv-repelling vertices in Df. Then we 
detect those of them which lie in the /i-ray. Let I be the minimal initial segment 
of the /i-ray which contains all these vertices. We can take /i' equal to the first 
vertex in the /i-ray which lies outside J. Step (4.3) is a partial case of Problem 1. 

Step (2) can be done if we find an algorithm for the following problem: 
Problem 2. Given a live vertex /i of the graph Dj, determine whether the 
/i-subgraph is finite or not. 

Thus, to construct CoRe{Cf) algorithmically, it suffices to find algorithms for 
Problems 1 and 2. Moreover, using an algorithm for Problem 1, we can decide 
whether the vertex 1^^ lies in a /i-subgraph for some repelling vertex /i. Then, by 
Proposition 15.61 we can compute a basis of 7ri(L'/(l^J, l^J. Lemma [5^3] identifies 
this group with Fix(/). 

In Section 15 we will present algorithms for Problems 1 and 2 in case, where 
/ : r — )■ r is a subdivided relative train track satisfying the condition (Pol). As 
explained in Section 3, this will provide an algorithm for computing Fix(a). 

6. Cancelation points in the product of two paths 
Let Hr be an exponential stratum of a relative train track / : P — > P. 

Definition 6.1. Let r be a reduced edge-path in Gr and y be an occurrence of a 
vertex in r different from the endpoints of r. We write t = po ■ qo, where go is the 
final subpath of r starting at y. Let A be the first edge of po and B be the first 
edge of go- The vertex y is called an r- cancelation point in r if {A,B) is an illegal 
r-turn. 
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Let /i, r C Gr be reduced edge-paths, such that uj{jji) = a{r). Let yk,---,yi 
and Zl, . . . , Zs be the consequent r-cancelation points in and r, respectively. We 
denote by r) the largest common subpath of fl and r, and let t be the terminal 
vertex of /(/i, r). Then we have one of the following four cases for the path fir 
(see Figure 7). 
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i/fc - ■ ■ yi zi+r ■ -z. 



(4) 



Figure 7. 

(1) Suppose that t ^ {yi, . . . ,yk, Zi, . . . , Zs} and that yi = Zi,...,yi = Zi, 
are all r-cancelation points in J(/i,r). Then all r-cancelation points in [fir] are 

. . . , yi+i, zi+i, ...,Zs and, possibly, t (see Figure 7 (1)). 

(2) Suppose that t = yi = zi for some /. Then t is an r-cancelation point in 
[/ir]. This follows from the fact that the turns at t in and r are illegal and have 
a common edge. So, all r-cancelation points in [/ir] are yk, ■ ■ ■ , yi+i, t, zi+i, . . . ,Zs 
(see Figure 7 (2)). 

(3) Suppose that t = yi for some / and that t ^ {zi, . . . , Zg}. Then yi = 
Zl, . . . , yi_i = Zl-l are all r-cancelation points in the path /(/i, r). Moreover, t is 
not an r-cancelation point in [/ir]. This follows from the fact that the turn at t in 
H is illegal, while the turn at t in r is legal and these turns have a common edge. 
So, all r-cancelation points in [/ir] are y^, ■ ■ ■ , yi+i, zi, . . . ,Zs (see Figure 7 (3)). 

(4) Suppose that t = zi for some / and that t ^ {yi, . . . , yk} (see Figure 7 (4)). 
This case is analogous to Case (3). In particular, t is not an r-cancelation point 
in [fir]. 
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Thus, the maximal possible number of r-cancelation points in [fir] is k + s + 1 
(it can be achieved only in Case (1 ) for 1 = 0). If ar least one of the r-cancelation 
points in fi and r lies in r), then the number of r-cancelation points in [fir] is 
strictly less than k + s. 



7. NON-DELETABLE CANCELATION POINTS IN EXPONENTIALLY 

GROWING PATHS 

Let r be a finite connected graph, / : F -> F be a relative train track and let 
= Go G ■ ■ ■ G Gn = ^ he the maximal filtration in F. In this section, we fix a 
natural number < r ^ N and assume that Hr := c\{Gr \ Gr-i) is an exponential 
stratum. Let A be the eigenvalue corresponding to Hr- 

We introduce some notations. Let r = Ei . . . En he a reduced edge-path in the 
subgraph Gr- If for some 1 ^ i ^ n — 1 the turn {Ei,Ei^i) is illegal, then we 
say that r contains the illegal turn {Ei,Ei^i) at the vertex u{Ei . . . Ei). Using 
Properties (RTT-i)-(RTT-iii), one can show that the number of illegal r-turns in 
[/(r)] does not exceed the number of illegal r-turns in r. 

We show how to decide whether the number of illegal r-turns in the sequence 
r, [/(t)], [/^(r)], ... is constant. Figure 8 aims to show that illegal r-turns in r 
can behave differently under applying /. 



f{yi 



PiVi 



yi 1/2 



/(2/2) 



4 



fiyi) 



yi y2 



/(2/i)/(2/2) 
(2) 



4 



ny2) 



Figure 8. 

The bold vertices are vertices of illegal turns. Picture (1) shows two 
illegal turns in r which yield two illegal turns in [/^(r)]. Picture (2) 
shows that the number of illegal turns can be decreased in two steps. 
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Definition 7.1. Let po, go be reduced edge-paths in T with the same initial vertex. 
By I{po, qo) we denote the largest common initial segment of po and go- Then 
Pq = I{po, go) ■ Pi and go = I{po^ %) ■ Qi for some reduced paths pi, gi. We denote 
by A(po, go) the ordered pair of paths (pi, gi). 

Let r be a reduced edge-path in the subgraph Gr and let y be a vertex of r. We 
write T = po ■ go, where go is the final subpath of r starting at y. Set 

{Pk,qk) ^ HlfiPo)], [/'(go)]) and a, ^ /([/(pfc_i)], [/(g^-i)]) 

for A; ^ 1 (see Figure 9). Then [/'"(r)] = Pk-qu- The occurrence := a{pk) = a{qk) 
in [/'^(r)] is called the k-successor of y. 
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Figure 9. 

Definition 7.2. Let r be a reduced edge-path in Gr with a unique r-cancelation 
point ?/ (see Definition 16.11) . We say that y is non-deletable in r if for every k ^ 1 
the fc-successor ^/'^ is an r-cancelation point in [/^(t)]. We say that y is deletable 
in r if this does not hold. 

Observe that for every k ^ 1 the following is valid: the point y'' is a non-deletable 
r-cancelation point in [/'^(t)] if and only if y is a non-deletable r-cancelation point 
in r. 
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Definition 7.3. Let r be a reduced edge-path in Gr with a unique r-cancelation 
point y and suppose that y is non-deletable. The point y divides r into two parts, 
say pQ and qo, so t = po ■ qo. A pair (p'o^qQ), where and are initial edge- 
subpaths of po and qo, respectively, is called responsible for r -cancelations in r if 
H[fiPo)],[fi<lo)]) ^ /([f (?o)]) for every t ^ 0. Let ((po)min, (go)min) be 

the pair which is minimal, with respect to the sum of /-lengths of components, 
among all pairs responsible for r-cancelations in r. 

By this definition, every edge of each of the segments (po)mm and (go)min except 
the last one can be moved by appropriate /* into the segment Jj := I{[f\po)], [/*((?o)]) 

Lemma 7.4. Let r be a reduced edge-path in Gr with a unique r-cancelation point 
y and suppose that y is non-deletable. With the above notations the following 
statements hold: 

1) The first and the last edges of the paths (po)min md (go)min belong to Hr- 

2) There exists a computable real number /^critical ( depending only on f ), such 
that Lr{{po)mm) < -^critical and L^((go)min) < -^^criticai- In particular, the number 
of r- edges in (po)min and in (go)min is bounded from above by a computable natural 
number Ucviticai (depending only on f). 

Proof. 1) The initial edges of (po)min and (go)min form an r-turn (this follows 
from the definition of an r-cancelation point), so they belong to H^. We prove 
that the terminal edges of (po)min and (go)min belong to H^. Suppose the contrary: 
say the last edge of (po)min lies in Gr^i- Then we can write (po)min = oh, where a 
begins and ends on r-edges and 6 is a nontrivial edge-path in Gr-i- We have 

[f'{{poUn)]^[f\a)].[f\h)]. 
Since (po)min is minimal, there exists ko ^ 1 such that [f^{a)] is contained in 

/, ^ I{[f\po)], [f{qo)]) = /([/'■((Po)min)], [fiiqoUn)]) 

for every k ^ ko- In particular, the i/^-parts of [/^(a)] and Ik coincide for every 
k ^ ko. This and the equation Ik+i = [f {Ik)]ak+i imply that a^+i lies in Gr-i for 
every k ^ ko. But since y is non-deletable, there exists t = t{k) ^ 1 such that at+t 
is nonempty, hence it begins on an r-edge, a contradiction. 
2) We set ^critical '■= M -\- L, where 

M := max{Lr{E) lEeH^}, L := M, 

A — 1 

and is the Cooper constant from Lemma 14.121 

With the above notations we have r = poqo- Suppose that -^^r ((Po)min) ^ -^critical- 
Then there exists a decomposition po = WoU, where Wo is the initial edge-subpath 
of Po of minimal length which ends on an r-edge and satisfies 

Lr{wo) ^ L. 
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By minimality, we have 

LriwQ without the last edge) < L, 

and hence L^iwo) < //critical- To get a contradiction, it suffices to show that (po)min 
is an initial segment of wq. 

Since po is r-legal, Wq is r-legal as well, and hence 

Lr{\f{w,)]) ^ XL. 

Since r = poQ'o is reduced, in the product [/(po)][/(q'o)] at most edges can 
be canceled at the end of [/(po)]- Canceling, we have [/(r)] = piqi, where pi = 
Wi[f{u)] for some final segment Wi of [/(wq)] with 

U{wr)^L,{[f{w,)])-C,-M^L. 

Moreover, wi as well as [/(wo)] ends on an r-edge. 

Continuing, we obtain [f^ir)] = puqu, where pk = 'Wk[f''{u)] for some Wk which 
ends on an r-edge and satisfies 

Lr{Wk) ^ L. 

In particular, no point of u can be moved into /([/^(po)], [f'^iQo)]) with the help of 
/^'. Therefore, (po)min is an initial segment of Wq, a contradiction. 

The number of r-edges in (po)min and in (go)min does not exceed Lcnticai/^', 
where M' := mm{Lr{E) \ E G H^}. So, we can set ricnticai := [-^critical /M'] • □ 

Proposition 7.5. Let t be a reduced edge-path in Gr- Suppose that each of the 
paths T, [/(t)], [/^(r)], . . . contains a unique illegal r -turn. Then there exist integer 
numbers T ^ and p ^ 1 such that 

((PT+j)min, iqT+j)mm) = {(PT+p+j) rain, {qT+p+j)rain) 

for all j ^ 0. In particular, 

ar+j = otT+p+j 

for all j ^ 1. Moreover, T and p are computable and depend only on f, but not 
on r. 

Proof. Let (po)min = dibi . . . ttsbsas+i and (go)min = ci'ibi ■ ■ ■ a'tb't^^t+i, where all 
and a'^ are nontrivial and lie in Hj, and all bi and b'^ are nontrivial and lie in 

Gr-i. We use notation 4 := /([/'^'(Po)], [/'^'(^o)])- Recall that [/^(po)] = hPk and 

W'iQo)] = hqk- We set Zk := a{pk). 

Claim 1 . There exists a computable natural number fco (depending only on /) 
such that for all k ^ ko and every bi, i = 1, . . . , s, one of the following holds: 

1) [f^{bi)] is a subsegment of Ik- In this case we say that the segment bi can be 
moved into Ik in k steps. 

2) [f^{bi)] is a subsegment of pk and the /-distance from Zk = a{pk) to 

along Pk is at most ||/||'^°. (We stress that the last number does not depend on k.) 
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The same alternative holds for every b'j, j = 1, . . . ,t. 

Proof. Let ko be the minimal integer such that 

A'^'^ mm{Lr{E) \ E G H^} > L^Hticai (7.1) 

and let k ^ ko. We fix i G {1, . . . , s}. Let e be the last edge of a,, so e is an 
r-edge and u{e) = Let E be the last edge of [f^~'^°{e)], so E is an r-edge 

and uilf'-'iE)]) = Note that [f"{E)] is a subsegment of [f{e)], which 

is a subsegment of [/'^(po)] = ^kPk- 

Case 1. Suppose that [f^°{Ey\ lies in 1^. Then lies in 7,^. This implies 

that the whole segment lies in 7^, otherwise it would cover the first edge 

of pk that is impossible, since this edge lies in 77,. but [f^ihi)] lies in G^-i. So, in 
this case the statement 1) holds. 

Case 2. Suppose that [/^°(7?)] does not lie in h- Since Lr{[f^°{E)]) > Lcritkai by 
(7.1), the segment [f'^°{E)] does not lie in pk as well; otherwise [f^°{E)] could never 
be moved into appropriate 7;. Therefore a{[f^°{E)]) lies in Ik and u{[f''°{E)]) lies in 
Pk. Then [/''^{E)] covers Zk- So, the /-distance from Zk to u;{[f'"^{E)]) = a{[f''{bi)]) 
along pfc is at most ||/||'^°. Then the statement 2) holds. □ 

Claim 2 . There exists a computable natural number ki (depending only on /) 
such that at least one of the segments bs, h[ can be moved into 7^^ in ki steps. 

Proof. We prove that this claim holds for ki := k^ + {N^ + 1), where is the 
number of the edge-paths in Gr with /-length at most 1 1/| l'^". Suppose the contrary. 
Then, by Claim 1 the following is satisfied for every k = ko, ■ ■ ■ , ki. the segment of 
Pk from a{pk) to a{[f''{bs)]) and the segment of qk from to a{qk) to a{[f^{b^)]) have 
/-lengths at most H/H*^". But then these pairs of segments will repeat, hence, for 
every natural j, the segments bg and b[ cannot be moved into Ij. This contradicts 
the minimality of (po)mm and (go)min. n 

Claim 3 . There exists a computable natural number k2 (depending only on /) 
such that both segments bs, b[ can be moved into 7^2 in k2 steps. 

Proof. By Claim 2, we may assume that b'^ can be moved into Ik^ in ki steps. 
Then the initial vertex of a'-f._^_i (but not the whole segment aj+i) can be moved into 
7fcj in ki steps. This means that (g^Jmin is a subpath of [f^^idt+i)]- Let A^i be the 
maximum of the number of edge-subpaths in [f''^{i)] over all paths i G Hr with 
Lr{i) < 7ycriticai. Then there is at most A''i possibilities for (gfcjmin. We prove that 
we can take k2 := ki{N ■ A''i + 1). 

If for some i = 1, . . . , {N ■ Ni + 1), the path bs can be moved into Ik^i in kii steps, 
we are done. If not, then by Claim 1, the initial segment of {pkii)min from ^^^j to 
the beginning of [/^^*(&s)] has /-length at most ||/||^°. There are N possibilities for 
such segments and there are Ni possibilities for (gA;ii)min, i = I, ■ ■ ■ , {N ■ Ni + 1). 
Hence, we obtain a repeating pair consisting of the initial segment of {pkii)mm from 
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Zk-^i to the beginning of and of {qkii)min- This imphes that bs cannot be 

moved into Ij for every j, a contradiction. □ 

Claim 4 . We can find algorithmically the desired T and p. 

Proof. By Claim 3, the initial vertices of the segments [/'^^(a^+i)] and [/'^^(aj+i)] 
lie in Ik^- Since their terminal vertices lie in and in qk^ respectively, (pfcjmin 
and (gfcjmin are some subsegments of [f'^'^^ag^i)] and [/^^(a^+i)]- Since a^+i, a'^^-^ C 
Hr are parts of (po)mm and (go)!!!!!!, respectively, we have /(a^+i) ^ "/^critical and 
^ ''^'critical by Lemma [7.41 Therefore, there is only finitely many possibili- 
ties for (pfc2)min s-iid {qk2)ram (this number is computable an depends only on /). 
Thus, we can compute a universal constant (depending only on /) for which 
there exist numbers l<i<i + d<N2 such that the pairs [{pi)mm, (?i)mm) and 
Hp i+d) rainy {qi+d)mm) coincide. Then 

{{Pi+k)ramy {qi+k)rain} = ((P't+d+/c)!i!ii!; (Q'i+d+fc)mm) 

for every k ^ 1. In particular, 

+d)mini {qN2+d)min)- 

It follows that 

{{PN2)ram, iqN2)min} = {{pN2+dn)ram, iqN2+dn)min) 

for every n ^ 1. 

Thus, we can take T := P '■= ^2'- ^ 

Definition 7.6. Let r be a reduced edge-path in Gr with a unique r-cancelation 
point y and suppose that y is non-deletable. The value 

00 

a:=Y,Lr{ai)/X\ (7.2) 

i=l 

where the paths were defined in Definition I7.H is called the cancelation radius 
for y in r. 

This terminology is justified by the following observation. 

Observation 1. Let t = pQ ■ qo he a reduced edge-path in Gr, where the paths 
Po,qo are r-legal and y = a{po) = a{qo) is a non-deletable r-cancelation point in 
r. Let a be the cancelation radius of y in r. Then, for each point z E Hr in r, the 
following statements are equivalent: 

(1) The Lj.-distance from z to y along the path r is less than a. 

(2) There exists a natural number N = N{z), such that the point f^{z) belongs 
to the interior of /([/^(po)], [/^(o'o)])- (So, the occurrence of f^{z) in /^(r) does 
not belong to the reduced path [/^(t)].) 



36 



OLEG BOGOPOLSKF AND OLGA MASLAKOVAt 



Observation 2. Let r be a path and ?/ G r be a vertex as in Definition 17.61 For 
n ^ 0, let be the r-cancelation point in [/"(r)], i.e. is the n-th successor of y. 
Let a{n) be the cancelation radius of in [/"(r)]. Then, using (7.2), we have 

oo 

«H = ^/^r(«i+n.)/A*, 
i=l 

hence 

n oo 

A"a = A"(^L,(a,)/A^+ ^ L,(a,)/Y) = 

i=l j=?i+l 

= L,(r-i(«i)) + ■ ■ ■ + i:,(/(«„„i)) + L,(«„,) + a{n). (7.3) 

Proposition 7.7. Let t he a reduced edge-path in with a unique r-cancelation 
point y and suppose that y is non-deletahle. Then the following statements hold. 

1) We can algorithmically compute the r-cancelation radius a for y in t. 

2) (j)o)min (in-d (^0)111111 the minimal initial edge-subpaths of Pq and go with last 
edges in Hr and Lr-length at least a. 

In particular, we can compute the pair ((po)min, (go)mm)- 

Proof. By Proposition 17.51 one can compute T ^ and p ^ 1, such that for 
every j ^ 1 the paths ax+j and ax+j+p are coincide. So, 

T ,p T+p 

a = J2 LM,)/y + ——^ . J2 Lr{a,)/\\ (7.4) 

i=l i=T+l 

in particular, a is computable. The second statement follows from Definition 17.31 
of ((Po)min7 (go)min) and from the first statement of Lemma EH □ 

Notation. Let a, 6, c, d be edge-paths in F. We write (a, h) C (c, d) if a is an 

init 

initial subpath of c and h is an initial subpath of d. 

The proof of the following lemma is easy and we leave it for the reader. 

Lemma 7.8. Let t he a reduced edge-path in Gj. with a unique r-cancelation point 
y and suppose that y is non-deletahle. Then, for every i,k ^ 0, we have 

((p*+fc)mm, (g*+fc)min) ^ A{[f''{{pi)^in)]Af{i<li)nnn)]). (7.5) 

init 

Proposition 7.9. Let r he a reduced edge-path in Gr and suppose that y is a 
unique r-cancelation point in r. Then we can algorithmically verify, whether y is 
deletahle or not. 

Proof. Let T,p be the integer numbers as in Proposition 17.51 We compute 
tt = [/"^(t)] and denote yr '■= aipr) = o:{qT). First we check, whether yx is 
an r-cancelation point in tt- If not, then y is deletable. Suppose that yx is an 
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r-cancelation point in tt- We claim that yr (and hence y) is non-deletable if and 
only if there exists a witness pair, i.e. a pair 

(a, 6) C {pT.qr) 

init 

such that the first and the last edges of a and h exist and lie in Hr-, and 

(a, 6) C K{[na)l[nh)]). 

init 

Indeed, if yx is non-deletable, then, by Lemma EHl and Proposition 17.51 and by 
the first statement of Lemma I7.4[ we can set 

(a, 6) := ((pT)min, (gT)mm)- 

The other direction is obvious. Moreover, one can decide algorithmically, whether 
a witness pair exists. □ 

Proposition 7.10. There exists a computable constant S = S{f) such that for 
every reduced edge-path t G Gr with a unique r-cancelation point y the following 
holds: 

if each of the paths r, [/(t)], . . . , [/'^(t)] contains an r-cancelation point, then all 
the paths r, [/(r)], . . . , [/"^(r)], . . . contain r-cancelation points. 

In particular, if [/"^(t)] contains an r-cancelation point, then y is non-deletable. 

Proof. The proof follows from the proof of Proposition 17. 5t we can set S = T+p. 

□ 

Lemma 7.11. Let fi be a reduced edge-path in T . Then for each pair {u,v) G P^xP^ 
with f{u) = a{fi) and f{v) = u){fi), there exists a unique reduced edge-path a in 
P with a{a) = u and u;(cr) = v and with the property [/(o")] = /i. One can 
algorithmically find such a. 

Proof. Let cxi be an arbitrary path from v to u. Then /i/((Ji) is a closed path 
based at Since / is a homotopy equivalence, we can find a closed path r based 

at u such that [/(r)] = [/i/(cri)]. Then we can set a := [rWi]. The uniqueness of 
the desired a follows from the fact that / is a homotopy equivalence. □ 

Proposition 7.12. There exists a computable constant R = R{f) with the follow- 
ing property: Let t be a reduced edge-path in Gr with a unique r-cancelation point 
y and suppose that y is non-deletable. Then the number of edges in (po)min and in 
(Q'o)min is at most R. 

Proof. We write (po)min = Q-i^i • • • agbgas^i, where all are nontrivial edge-paths 
in Hr and all hi are nontrivial edge-paths in Gr^i- By Lemma \7.A\ the number of 
r-edges in (po)mm is bounded by ncritkai- In particular, s < ncriticai- So, it suffices 
to bound the number of edges in each hi. 
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By Claim 3 in the proof of Proposition 17.51 there exists a computable natural 
number /c2 = k2{f) such that the segment bg, and hence all segments bi, can be 
moved into Ik^ in k2 steps. 

For i = 1, . . . , s, let n(i) be the minimal number such that Z"*^*^ moves bi into In{i)] 
in particular n{i) ^ k2. Then [f'^^'^^~^ (bi)] is present in [/"'•^■'""^(t)], but it is canceled 
out after applying / to [/"'•^■'""'^(t)] and tightening. Hence, /([/"^'■'(^j)]) ^ where 
Ci, is the Cooper constant from Lemma [4. 121 

By Lemma 17.111 the number of reduced edge-paths in F which can be mapped 
by a given homotopy equivalence followed by tightening to a given reduced edge- 
path (of /-length at most C*) in F is at most |F°p. Moreover, these paths can be 
algorithmically found. This gives a universal (depending only on /) bound on their 
/-lengths. So, the /-lengths of all bi are bounded. □ 

Definition 7.13. Let r be a reduced edge-path in Gr with a unique r-cancelation 
point y and suppose that y is non-deletable. The r-cancelation area for y in r is the 
subpath fiofr which starts and ends on nontrivial r-segments (parts of r-edges) and 
can be presented as /i = fiifi2 with ^(/ii) = a{fi2) = y, and Lr(/^i) = Lr{fi2) = a, 
where a is the cancelation radius of y in r. 

Corollary 7.14. There are only finitely many r-cancelation radii and r-cancelation 
areas for f . These radii and areas can be computed. 

Proof. First we list all reduced edge-paths in Gr of length at most 2R. Then 
we list those of them, which have a unique r-cancelation point and this point 
is non-deletable (see Proposition I7.9p . For each of these paths we compute the 
corresponding r-cancelation radius (Proposition 17.71) and r-cancelation area. □ 

8. Stable r-PAXHS and their ^-decompositions 

Let F be a finite connected graph, / : F — )■ F be a relative train track and let 
= Gq G ■ ■ ■ G Gn = F be the maximal filtration in F. In this section, we fix a 
natural number Q < r ^ N and assume that is an exponential stratum. Let A 
be the eigenvalue corresponding to Hj.. We will analyze cancelations in /-images 
of paths in Gr with several r-cancelation points. 

Definition 8.1. For any reduced edge-path r C Gr, let Pr{T) be the number of 
r-cancelation points in r. Clearly, Pr{\f\r)]) ^ Pri^f^^ ij)]) for any i ^ 0. We 
will say that r is r-stable if Pr{[f^{T)]) = Pri^) for all i ^ 1. If r is r-stable, we 
call the r-cancelation points of r non-deletable. Clearly, there exists a nonnegative 
integer io such that the path [/*°(t)] is r-stable. We denote by Nr{T) the number 
of r-cancelation points in [/*''(r)]. 
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We will show that io and hence Nr{T) are computable. 

Proposition 8.2. For any reduced edge-path t C Gr, one can compute zq such 
that the path [/*°(t)] is r -stable. In particular, one can check, whether r is r -stable 
or not. 

Proof. Let yi, . . . ,yk be all r-cancelation points in r. Let yo and yk+i be the 
initial and the terminal vertices of r, respectively. Let Tj be the subpath of r from 
yi to yi+i, i = 0,...,k. 

First we note that y^ is the unique r-cancelation point in the edge-path Ti^iTi. 
For each 1 ^ z ^ fc, we can check in 5* steps by Proposition 17. 101 whether the point 
yi in Tj-iTj is deletable or not. If it is deletable for some i, then Pr{[f^{T)]) < Prij) 
and we can proceed by induction restarting from [/'^(r)]. Suppose that yi is non- 
deletable r-cancelation point in Tj^iTj for each 1 ^i ^k. By Proposition 17.71 we 
can compute the r-cancelation radius of y^ in Ti^iTi. Let be this radius. 

If Lr{Ti) ^ ai + aj_|_i for z = 1, . . . , /c — 1, then the path r is stable and the points 
yi, . . . ,yk are non- deletable. 

Suppose that for some i we have Lriji) < ai + Oj+i. Let r/, r/' be two subpaths 
of Tj such that ti = t^t-', Lr{T-) < Oi, and Lrir^') < aj+i. Then there exists K' 
such that the path [f^ (rj-iTj-)] is r-legal and there exists K" such that the path 
[f^ (rfi^j+i)] is r-legal. We can find K = max{K',K"} by brute force (although 
there is a way to estimate K in terms of /). For this K we have ^r([/^^(T)]) < 
Nr{T) and again we can proceed by induction. □ 

For convenience, we reformulate a part of Definition 18. 1[ 

Definition 8.3. Let r be a reduced edge-path in Gr and let yi, . . . ,yk be all r- 
cancelation points in r. We say that the r-cancelation points in r are non-deletable 
if the number of r-cancelation points in [/*(t)] is equal to k for every i ^ 0. 

Proposition 8.4. (Criterium of r- stability) Let t be a reduced edge-path in Gr 
and let yi, . . . ,yk be all r-cancelation points in r. Let y^ and yu+i be the initial and 
the terminal vertices of r, respectively. Let Ti be the subpath of t from yi to yt+i. 
Then all cancelation points yi, . . . ,yk are non-deletable in r if and only if each of 
yi is non-deletable in Ti-iTi for i = 1, . . . , k, where ai is the cancelation radius for 
yi m Ti^iTi. 

The proof follows from the proof of Proposition 18.21 

Definition 8.5. With notations in Proposition 18.41 suppose that the r-cancelation 
points yi, . . . ,yk in r are non-deletable in r. Let Ai be the r-cancelation area of 
yi in Tj-iTj for i = 1, . . . , k. Then Ai, . . . ,Ak are called the r-cancelation areas of 
yu...,yk in r. 
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Definition 8.6. Let r be a reduced edge-path in Gr whose r-cancelation points 
are non-deletable. Let yi, . . . ,yk he these cancelation points and Ai, . . . , he the 
corresponding r-cancelation areas in r. Then we can write r = Bq- Ai-bi - . . .■ Ak-bj^, 
where Bq, . . . ,bk are some r- legal paths in Gr ■ We call such expression the 
A- decomposition of r. 

Remark 8.7. Suppose that r has the A- decomposition 

T = bo ■ Ai ■ hi ■ . . . ■ Ak ■ bk. 

Then, for every i ^ 1, the path [/*(t)] has the A- decomposition 

[riT)]^b},-A^-b\-...-A^-bl (8.1) 
where 6* = and A- = [f\Aj)] for all possible j. 

9. Subdivided relative train track 

It is technically convenient to start the proof of the main theorem in the situation 
where the following condition is satisfied: 

(RTT-iv) There is a computable natural number P = P{f) such that for each 
exponential strata and each r-cancelation area A of /, the r-cancelation area 
[/^(A)] is an edge-path. 

We will show that this condition is satisfied for a map /' : F' — V obtained from 
/ : r — )■ r by using subdivisions of edges of F at certain points. Moreover, /' with 
respect to a natural filtration on F' will satisfy the properties (RTT-i) - (RTT-iii) 
of a relative train track. 

Definition 9.1. Let Hr he an exponential strata for the relative train track / : 
F — !■ F and let Ai, . . . , be all r-cancelation areas of /. An endpoint v of Ai is 
called an r-subdivision point if v is not a vertex (hence v lies in the interior of some 
edge e(f ) from Hr) and /"(f) is not a vertex for all natural n. 

Proposition 9.2. The following claims are valid: 

1) The map f acts on the set of the r-cancelation areas by sending Ai to [f{Ai)], 
in particular f acts on the set of endpoints of these areas. 

2) One can find the set of r-subdivision points. 

3) The set of r-subdivision points is f -invariant. 

4) // V is an endpoint of an r-cancelation area and v is not an r-subdivision 
point, then f^'^^~^'^\v) is a vertex ofV . Here s is the number of r-cancelation 
areas. 
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Proof. Claims 1) and 3) are obvious. We prove the claim 4). By Corol- 
lary 17.14^ we can find all r-cancelation areas Ai, . . . ,As and hence all their end- 
points Vi,...,V2s- Let V be one of these endpoints. Since / acts on the set 
{vi, . . . ,V2s}, V is not an r-subdivision point if and only if f^{v) is a vertex for 
some ^ 2 ^ 2s — 1. This completes the proof of the claim 4). The claim 2) 
follows from the claim 4). □ 

Definition 9.3. Let T' be the graph obtained from F by subdivision at all r- 
subdivision points for all exponential strata H^. By Claim 2), we can construct 
this graph efficiently. By Claim 3), the map / : F — )■ F, induces a map /' : F' — F'. 
We also define a natural filtration = Gq C ■ ■ ■ C = F' by saying that 
G'- consists of all edges resulting from Gi by the subdivision. It is possible that 
this filtration is not maximal. A stratum H- is called exponential, polynomial, 
or zero if the strata Hi is exponential, polynomial, or zero, respectively. For any 
exponential stratum H'^ we have the induced pseudo-metric L'^ on G'^. It is possible 
that Lr{e) = for some edge e G H'^.. However, this will not destroy the further 
proof. Note that the r-cancelation areas of / and /' can be naturally identified. 

One can show that the homotopy equivalence /' : F' — )■ F' satisfies the conditions 
(RTT-i) - (RTT-iii) in the definition of a relative train track. Therefore /' is called 
the subdivided relative train track associated with /. 

The advantage of /' is that also the property (RTT-iv) for /' is satisfied. 

Each edge e in F can be considered in F' as an edge-path. Let n(e) be the length 
of this path. We set 

rif := max{n(e) : e G F"*^}. 
Proposition 9.4. Let t be a reduced f'-path in F' of length at least nj + nf\\f'\\. 

k 

If T lies in G'^, then there exists a natural k ^ nj such that /' (r) C G^^i or 

Lr{f'\T))>0. 

Proof. Write r = ei . . . e„^ . . . e^, where are edges of F'. By definition of nj, 

^ k 

there exists k ^ nj such that uj{ek) is a vertex of F. Then p := f (r) is a path 
in GJ, with endpoints in F*^. Then either p lies in Gr^i or p contains an edge of F 
from Hr- In the latter case we have Lr{p) > 0. □ 

Agreement. From now on we will work with /' and never with the old /. So, we 
will simplify notation and skip dashes by writing /, F, Gi, Hi instead of /', F', H'^, 
respectively. 

Below we collect the properties of the new / which we will use later. 
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Proposition 9.5. The subdivided relative train track / : F — )■ F satisfies the 
following properties: 

1) This f represents the same automorphisms of F as the original one. 

2) This f satisfies the condition (Pol) as the original one. 

3) For each exponential stratum Hr, there exists only finitely many r- cancelation 
areas. These areas can be computed. 

4) Each r-cancelation area has an initial and a terminal subpaths which lie in Hj. 
and have nonzero L^-lengths. 

5) // A is an r-cancelation area in a reduced path r C Gr, then [f^A)] is an 
r-cancelation area in [/(t)]. 

6) One can compute a natural number = -R*(/) such that each r-cancelation 
area of f is divided by the corresponding non-deletable r-cancelation point into two 
parts such that each part is contained in an edge-path of I -length at most i?^,. 

7) One can compute a natural number P = P{f) such that for every exponential 
stratum Hr and every r-cancelation area A, the r-cancelation area [f^{A)] is an 
edge-path. 

8) One can compute a natural number K = K{f) such that the following holds: 
Let Hj- be an exponential stratum and r be a reduced f-path in Gr of l-length at 
least K . Then there exists a natural k ^ K such that either f ^(r) C Gr-i, or 
Lr{f\r))>Q. 

10. r-PERFECT AND A-PERFECT PATHS 

Definition 10.1. Let Hr be an exponential stratum. An edge-path r d Gr is 
called r -perfect if the following conditions are satisfied: 

(i) r is a reduced /-path and its first edge belongs to Hr, 

(ii) r is r-legal, 

(iii) [T/(r)] = r ■ [/(r)] and the turn of this path at the point between r 
and [fir)] is legal. 

Note that these conditions imply that [T/(r)] is r-legal. In the following proposi- 
tion we formulate some important properties of r-perfect paths; they can be proved 
directly from the above definition. 

Proposition 10.2. Let t be an r-perfect path. Then the following statements hold: 

(1) For every i ^ 0, the path is r-perfect. 

(2) For every i ^ 0, the vertex [/*(t)] of Df lies in the r-subgraph. Moreover, 
[/*(r)] = / '"'(r) for some computable rrii satisfying nii < mj+i. 

(3) For every i ^ 0, the path f ^{t) C Gr is r-legal, contains edges from Hr, 
and LrU'+\r))^LrU\r)). 
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Definition 10.3. Let Hr be an exponential stratum. A reduced /-path t G Gr 
containing edges from Hr is called A-perfect if 

(i) all r-cancelation points in r are non-deletable, 

the corresponding r-cancelation areas are edge-paths, 

(ii) the ^-decomposition of r starts on an A e. it has the form 
r = Aibi . ..Akbk, 

(iii) [T/(r)] = r ■ [/(r)] and the turn at the point between r and [/(t)] is legal. 

The following proposition can be proved straightforward and we leave it for the 
reader. 

Proposition 10.4. Let be an exponential stratum and let r be an A-perfect 
path in Gr with the A- decomposition r = Aibi . . . Akbk- 

For 1 ^ j ^ k, we set tqj = [Ajbj . . . A^bkfiAibi . . . Aj_ibj_i)] and for i ^ 1 we 
set Tij = [/*(toj)]. Then the following statements are satisfied: 

(1) For any 1 ^ j ^ k and i ^ the path Tij is A-perfect. 

(2) For any 1 ^ j ^ k and i ^ the vertex Tij of Df lies in the t -subgraph. 
Moreover Tij = f '"'•^ (r) for some computable rriij satisfying rriij < rriij^i 
and rrii^k < mi+i,i- 

(3) Every vertex a from the r-subgraph such that the path a in Gr is A-perfect 
coincides with Ti^j for some i,j. 

(4) For every vertex a in the T-subgraph, at least one of the paths a , f (a) , . . . , f ^^'^ 
coincides with Ti,j for some i,j. 



11. Some technical propositions 

Proposition 11.1. Let be an exponential stratum. Let fi be a reduced r-legal 
f-path with endpoints in Hr and with the first edge in Gr-i, and the last edge in Hr. 
Then the ^-subgraph of Df contains a vertex which is an r -perfect path in Gr. This 
vertex can be algorithmically found. 

Proof. We write yU = err, where a is a nontrivial path in Gr-i and r is a nontrivial 
path in Gr with the first and the last edges from Hr- We prove that /i' := / "•'^^(/i) 
is r-perfect and lies in the //-subgraph. 



44 



OLEG BOGOPOLSKF AND OLGA MASLAKOVAt 



Clearly, /i' = T[f{a)], fi' is r-legal and lies in the /i-subgraph. It remains to prove 
that the turn between /i' and [/(/x')] in ■ [/(/i')] is legal. 



a 



\f{r)] \f{a)] 



[/(-")] 



[/(/^')] 



Figure 10. 

By (RTT-ii), [/(a)] is a non-degenerate path in Gr-i- So the last edge of /i' lies 
in Gr-i- On the other hand, the first edge of [/(/x')] = lies in Hr- 

Hence, the turn under consideration is mixed and hence legal. □ 

Proposition 11.2. Let Hr be an exponential stratum and let fi G Gr be a reduced 
f-path such that the paths fi and are r-legal. Then there exists a vertex fj,' 

of the graph Df which is contained in the jji-subgraph and for which at least one of 
the following statements is satisfied: 

(1) the path fi' is contained in the subgraph Gr-i/ 

(2) the path fi' is r-perfect; 

(3) the ^' -subgraph is finite. 

Moreover, there exists an algorithm, which constructs such a vertex fi' and indi- 
cates one of the statements (l)-(3) which is satisfied for fi' . 

Proof. We assume that fi contains an edge or a partial edge from Hr, otherwise 
we can set fi' = fi and (1) is satisfied. 

Write /i = 6i ■ 62 ■ ^3, where the edge-paths (possibly trivial) bi, 63 lie in Gr-i, the 
path 62 begins and ends on edges from Hr- We claim that the path Jl := &2" [^3/(^1)] 
satisfies the following properties: 

i) The path /I is a reduced /-path, which begins on a (partial) edge from Hr] 
it has the same number of edges and partial edges from Hr as p,. 

ii) The vertex Jl of Df lies in the /^-subgraph. 

iii) The paths Jl and [Jlf(jl)] are r-legal. 

Indeed, i) is obvious; ii) is fulfilled, since Jl = f '^''^•'(/i). 
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ji^llbMfih)]], IJlfiJl)] = (61)]], 



from the assumption that fi and [fif{fi)] are r-legal, and from the observation that 
the product of an r-legal path and a path from Gr-i remains r-legal. 



Thus, replacing fi by Jl, we may additionally assume that fi begins on a (partial) 
edge E from Hr. Since /i is r-legal, f{E) is an initial subpath of [/(/i)]. Let r be 
the initial subpath of fi such that fi = t ■ I{fi, [/(/i)]). We consider the following 
four cases (see Figure 11). 



Case (1) The path r is non-degenerate (hence, it contains E) and f{E) is an 
initial subpath of /(/i, [/(/i)]). 



Case (2) The path r is non-degenerate (hence, it contains E) and J(/i, [/(/i)]) 
is a proper initial subpath of f{E). 



Case (3) The path r is degenerate (hence, /i = /(/i, [/(/i)]) ) and f{E) is a 
proper initial subpath of /(/2, [/(/i)]). 
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Case (4) The path r is degenerate (hence, /i = /(/i, [/(/i)]) ) and /(/i, [/(/i)]) is 
an initial subpath of f{E). 




E 



f{E) 



[/(/^)] 



(2) 



E 



f{E) 



(3) 



/i < 



( 




o 

< 













[/(-")] 

(4) 



Figure 11. 

In (1) and (2), the path /i is depictured by the large left corner, 
and in (3), (4), it is depictured by a vertical line. The path [/(/i)] 
is depictured by the large right corner. 



Consider Cases (1) and (3). 

Let /il := [£'/i/(_E')]. Clearly, /ii lies in the /i-subgraph. Moreover, the paths \i\ 
and [/ii/(/ii)] are r-legal. Indeed, in these subcases \i\ is a subpath of the r-legal 
path /i; the path [/ii/(/ii)] is a subpath of the r-legal path \i or [/i/(/i)] in Case (1), 
and it is a subpath of the r-legal path [/(/i)] in Case (3). Since the number of 
r-edges in [i\ is less than in /i, we can proceed by induction and find the desired 
/i' in the /ii-subgraph. 
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Consider Case (2) . Let Ei be the second edge of fi[f{fi)]. In Figure 12, we 
distinguish the cases where r contains at least two edges (picture (1)) and where 
r contains exactly one edge (picture (2)). 

We set fii := [Efif{E)]. The path /ii is r-legal as a subpath of [fif{fi)], it begins 
on El and ends on the last edge of f{E), and it lies in the /i-subgraph. 

Suppose that Ei is an edge from Hr- Then [/(/^i)] begins on the first edge of 
f{Ei). Therefore the turn between /ii and [/(/ii)] coincides with the turn between 
f{E) and f{Ei) which is legal (since the turn between E and Ei is a turn of the 
r-legal path [/i/(/i)]). Hence, /ii is r-perfect and we have the statement (2) for 

■= f^i- 

Now suppose that Ei lies in Gr-i- By Proposition 111.11 applied to /xi, we can 
construct fi' satisfying the statement (2). 



E El 



f{E) 



E 



f{E) 



lb 



(2) 



Figure 12. 

Consider Case (4) . Let fi = E ■ a, then f{E) = a ■ E ■ 6 for some path 6. 
This implies /(/i) = E ■ 6 and / ^(yu) = fi. Hence, the //-subgraph is finite and for 
yu' := /i we have the statement (3). □ 

Recall that C^, is the Cooper constant from Lemma 14.121 and i?* is the constant 
from Proposition 19.51 

Proposition 11.3. Let Hr be an exponential stratum. Let a <Z he a reduced 
f-path which is r-legal. Suppose that [af{a)] contains a non-deletable r- cancelation 
point and the r-cancelation area in [af{a)] is an edge-path. Then the a-subgraph 
contains a vertex a' for which at least one of the following statements is satisfied: 

(1) /(a') ^ + 2R, ; 

(2) the path a' is A-perfect. 

Moreover, there exists k ^ /(cr) such that a' := f '^{a) satisfies (1) or (2). In 
particular, such a' can be algorithmically found. 
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Proof. Let 2* be the unique non-deletable r-cancelation point of the path 
[/*((t)/*"^-'^((t)] and let A{z'') be the r-cancelation area of in this path, i = 0,1. 
We have A{z^) = [f (^A{z^)^]. So, if a and b are the initial and the terminal vertices 
of A{z^), then /(a) and f{b) are the initial and the terminal vertices of A{z^). 

For two vertices u,v in [/(cr)], we write u < v if u and v are the initial and the 
terminal vertices of some nontrivial subpath of [/(c)]. If z^ ^ we can find a' 
satisfying (1). Let 2° < 2;^. 

We write a = p-q, where p is the initial segment of a until the vertex a. Observe 
that, by Cooper's lemma, if a point t moves along p from a{a) to a, then f{t) 
moves in the C^^-neighborhood of [f{p)]. This implies the following claim. 

Claim. Let p = P1P2, where pi,P2 are edge-paths. \i P2<1 completely cancels in 
P2g-[/(pi)],then/([p2g-[/(pi)]])^a. 



a(o-) 



[f{p)] 



L. 



a 



/(«) 



f{h) 



Figure 13. 

Suppose that there is a decomposition p = pip2 such that p2q completely cancels 
in p2q ■ [f{pi)] and that pi is the shortest initial segment of p with this property. 

We set a' := f ^^P^\a). Then a' = [pag- [f{pi)]], so l{a') ^ by the above claim. 
Obviously, a' lies in the cr-subgraph. Thus, in this case we have the statement (1). 

Now suppose that cancelations in p2q ■ [f{pi)] don't touch the first edge of p2 for 
every initial segment pi of p. We set a' := f ^^\a). Then a' = q - [f{p)]. Consider 
two cases. 

Case 1. Suppose that b < f{a) (see Figure 13). 

Then a' is the subpath of [af{a)] from a to /(a). We prove that a' is A-perfect. 
Then the statement (2) will be fulfilled. First note that a' has the A-decomposit- 
ion a' = ^4(2;'') ■ i, where i is the subpath of [/(o")] from b to /(a). We have 
[/(o"')] = A{z^) ■ [f{i)]. By Lemma 17.4^ the first edge of the r-cancelation area 
A{z^) lies in Hr. Then, in a' ■ [/(cr')], the turn at the point between a' and [/(o"')] 
is either mixed in [Gr-i, Gr) or is an r-turn. In particular, this turn is legal, since 
it belongs to the r-legal path [/(o")]. 
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Case 2. Suppose that /(a) ^ h. 

We prove that in this case we have the statement (1). Consider two subcases. 
Subcase 1. Suppose that /(a) hes on the subpath of [/((t)] from to h. Then 
l{a') = l{a,f{a)) ^ l{a,b) ^ 2R^. 

Subcase 2. Suppose that /(a) hes on the subpath of [/(cr)] from tt([/(cr)]) to z^. 
Then l{a') = l{a, f{a)) ^ l{a, z°) + /(/(a), < /(a, 2°) + /(/(a), z^) ^ 2R^. □ 



12. Infinite /i-subgraphs and /-orbits of some vertices of Df 

In this section we use the following notation. Let M be a subtree of a tree M. 
Every vertex v ^ M can be naturally projected to M; we denote this projection 
by Ptm{v). The edge-distance between vertices u,w E M is denoted by dist(ti, w). 



Proposition 12.1. Let ji be a vertex of Dj such that the following conditions are 
satisfied: 

i) the ^-subgraph (we denote it by M) is infinite, 

ii) Z(r) > Ci, for every vertex r in M, 

iii) fi divides the graph Df into at least two components, and the closure of the 
component containing M is a tree. We denote this closure by M . 

Then the f -paths i ^ 1, considered as vertexes of Df, lie in M and with 

notation Ti = Prj\/([/*(yu)]) we have 



Proof. Let /i = E1E2 . . . and let be the path in which starts at the 
vertex fi and has labels of edges Ei, . . . , Ek. The consecutive vertices of p^ are 



dist(/i,rj) < dist(/i,ri+i). 



E1E2 . 
[E2E2, 
[EsEi 



.Ekf{E,)l 
.Ekf{E,)f{E2)], 



[f{E,)f{E2)...f{E,)]. 
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Figure 14. 

Since Ei is the first edge of fi, the first edge of lies in the //-subgraph. (Note 
that E2 is not necessarily the first edge of [Eifif{Ei)], so the second edge of 
possibly does not he in the /i-subgraph.) 

Since E1E2 ... Ek is reduced and M is a tree, the path is without backtracking 

and hence its terminal vertex [/(//)] lies in M. By analogy, the path starts at 
Ti and ends at [/(ri)], it has label ri, and its first edge lies in the ri-subgraph, 
which is a part of M. By ii), we have 

dist(ri,[/(n)]) = /(ri)>a (12.1) 

Note that ri lies on the reduced path p^ connecting /i and [/(/i)]. By Cooper's 
lemma, [/(ti)] is at distance at most from some reduced path connecting [/(/i)] 
and [/^(/^)]. From this and (12.1) we have 

dist(/i,ri) < dist(/i, r2), 

see Figure 14. Note that T2 lies on a reduced path connecting [/(/i)] and [/^(/i)]. 
Continuing as above, we complete the proof. □ 

Proposition 12.2. Let fi be a vertex of Df such that the following conditions are 
satisfied: 

i) the ^-subgraph (we denote it by M) is infinite, 

ii) /(r) > Ci, for every vertex r in M , 

iii) /i divides the graph Df into at least two components, and the closure of the 
component containing M is a tree. We denote this closure by M . 
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Let a he an arbitrary vertex of M . Then at least one of the vertices [/(o")], 
[/2(a)] belongs to M. 

Proof. We denote ti = Prj\/(cr). Suppose that [/(cr)] does not belong to M. We 
define the path p^j in Df as in Proposition 112. ll Then the path po- is reduced, has 
the label a and it connects a and [/(o")]. 



a 




Figure 15. 

Since a belongs to M and [/(cr)] not, the vertex Ti belongs to p„. Using Cooper's 
lemma, one can deduce that [/(ti)] is at distance at most C^, from some reduced 
path connecting [/(cr)] and [/^(ct")]. The proof can be completed as in Proposi- 
tion [T2]T1 compare Figures 15 and 14. □ 

13. Good vertices in infinite /i-CRAPHS 

Until the end of this section we will assume that Hr is an exponential stratum. 
Recall that a reduced edge-path r C Gr is called r-stable if all r-cancelation points 
in r are non-deletable (see Definitions 18.11 and 18.31) . 

By Proposition 18. 2^ for any reduced edge-path /i C Gr, one can compute a 
natural number such that [f^°{fJ^)] is r-stable. We denote by Nr{fi) the number 
of r-cancelation points in [/*°(/i)]. Note that Nr{fi) = Nr{[f''{fi)]) for every i ^ 0. 

Definition 13.1. A reduced /-path r C Gr is called r-superstableii all r-cancelation 
points in r and in [T/(r)] are non-deletable and all r-cancelation areas in these 
paths are edge-paths. 

Note that if r is r-superstable, then [/*(t)] is r-superstable for all i ^ 0. 

Lemma 13.2. For any reduced f-path r C Gr, one can algorithmically compute a 
natural number S such that the path [/'^(t)] is r-superstable. 

Proof. By Propositions 18.21 and by the statement 7) of Proposition 19.51 we 
can compute a number 5*1 such that all r-cancelation points in [/"^^(t)] are non- 
deletable and all r-cancelation areas in r are edge-paths. Also, we can compute a 
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number 5*2 such that all r-cancelation points in [/'^^([t/(t)])] are non-deletable and 
all r-cancelation areas in [/'^^([T/('r)])] are edge-paths. We set S = max { 5*1, 5*2}. 
Then the path [/'^(t)] is superstable. □ 

Proposition 13.3. Suppose that fi is a reduced f-path in Gr and suppose that the 
following conditions are satisfied: 

i) the ^-subgraph (we denote it by M) is infinite, 

ii) divides Df into at least two components, and the closure of the component 
containing M is a tree. We denote this closure by M. 

iii) M does not contain dead and repelling vertices, and vertices r with 1{t) ^ 

2(i?. + a). 

Then we can algorithmically find a vertex fi' in the ^-subgraph with one of the 
following properties: 

1) the f-path fi' lies in Gr~i, 

2) /i' is r-perfect, 

3) /i' is A-perfect. 

Proof. First observe, if /i" is a vertex in M, then flowing along the //"-subgraph, 
we meet the /i-subgraph. In particular, these subgraphs (rays) coincide up to finite 
initial segments. This follows from the assumption that M does not contain dead 
and repelling vertices. 

Therefore, if we will find /i" G M with one of the properties l)-3), then we will 
be able to find the desired /x' just by flowing along the /i"-subgraph until the /i-sub- 
graph and then by flowing along the /^-subgraph (see the statements (1) and (2) 
in Propositions 110.21 and 110. 4p . 

(A) A plan for construction of /i" G M with one of the properties l)-3). 

Step 1. First we find an r-superstable vertex /xo in We can take, for instance, 
/io := [/"^(/i)], where S is the number from Lemma 113. 2[ By Proposi- 
tion [T2?T1 A^o lies in M and obviously Nr{fio) = Nr{fi). We go to Step 2 or 3 
depending on whether Nr{fio) is zero or not. 

Step 2. Suppose that Nr{fio) = 0. 

If Nr{[fiof{fJ'o)]) = 0, we can find the desired fi" by Proposition 111.21 (as 
described above, the //"-subgraph almost coincides with the /t-subgraph, so 
it cannot be finite). 

If NrdfiofifJ'o)]) = 1, we can apply Proposition II 1.31 to cr := /to and find fi" 
in the /tQ-subgraph such that one of the following cases holds: 

(1) /(//") ^ a + 2i?,. 

(2) The path /i" is A-perfect. 
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Case (1) is impossible by iii). In Case (2) we are done. 

Step 3. Suppose that Nr{^o) ^ 1. Then we will find in (B) an r-superstable vertex 
/ii G M for which one of the following is satisfied: 

(1) Nr{^ll) < Nriflo). 

(2) /ii is y4-perfect. 

In Case (1) we replace /iq by fii and proceed by Step 2 or 3 again. 
In Case (2) we are done. 

Remark. Proposition 112.21 and Lemma 113.21 imply the following claim: 

For every vertex r in M, one can find a natural number S such that r' := [/"^(t)] 
lies in M and is r-superstable. Clearly, Nr{T') = Nr{T). Thus, in the following we 
will not take care on r-superstability. 

(B) A realization of the plan in Case Nr{fio) ^ 1. 

Let yi, . . . ,yk {k ^ 1) be all r-cancelation points in fiQ (they are non-deletable, 
since /iq is r-stable) and let y\, . . . ,yl be their z-successors in [/*(/io)]. The terminal 
point of Ii = /([/*(/io)], [f^'^^ifJ'o)]) is denoted by z\ For two vertices f,M G ^q, we 
denote by l^g{v,u) the length of the subpath of /iq connecting v and u. 

Case 1. Suppose that yk lies in Jq. 

The proof is illustrated by Figure 16, where we distinguish two cases: 

(a) yk lies in the interior of Jq. In this case yk = y\- 

(b) yk coincides with the terminal vertex of Jq. 

The point yi divides /xq into two subpaths which we denote by p and g, so 

^0 = pq- 

Claim. For every decomposition p = piP2, where pi is a proper initial edge- 
subpath of p, cancelations in the product p2q ■ [f{pi)] don't touch the first edge 

of P2. 

To prove this claim, it suffices to note that [/(pi)] is r-legal, but p2q is not. The 
first follows from the fact that p and so pi are r-legal, the second from the fact 
that the r-cancelation point yk belongs to p2q- 

Now we set /ii = / Clearly, /ii lies in the /iQ-subgraph and so in M. 

We assert that Nr{^i) < Nr{fio). To prove this, we describe the path fii precisely. 
First, by the above claim we have /xi = [qf{p)]- Second, we observe that /ii = 
f^yivk ' ^' where fiy^^y,. is the initial subpath of q from yi to yk and i is the final 
subpath of [/(p)] from yk to f{yi)- Since i is r-legal, the r-cancelation points of 
fii are contained in the set {yi, . . . , yk} \ {yi}- So, Nr{fii) < Nr{fio)- 
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I ifip)] 



ifip)] 



f{yi) 




p 



yi 

Mo 




yi 

Mo 



[/(mo)] 



[/(mo)] 




(b) 



The path /ii is depictured by the 
Hi on the left picture can he in Jq 
right picture can coincide with y^. 



bold line. The point 
The point y\ on the 



Case 2. Suppose that yu does not lie in Jq, but y\ lies in Jq. In this case y\ = z^, 
where is the terminal vertex of Iq. 

Case 2.1. Suppose that l^o{yi, yl) > Ri, + Ci,. The proof in this case is illustrated 
by Figure 17. 

Let u be the terminal vertex of the r-cancelation area A{yi). The point u divides 
/i into two subpaths which we denote by p and g, so /iq = pq. 

By definition of i?^, we have l^^iyi, u) ^ i?^, hence /^o(^' ^i) > ^* ^'^'^ ^ ^i^^ 
/io between |/i and 

Claim. For every decomposition p = piP2, where pi is a proper initial edge- 
subpath of p, cancelations in the product • [fi.Pi)] don't touch p2- 

Indeed, since pi is an initial subpath of /io, by Cooper's lemma, we have [/(pi)] = 
ah for some initial subpath a of [/(/io)] and some path h of length at most C^,. This 
and the fact that /^o(ii, y\) > C^, imply the claim. 

Let /ii = / '(p)(/io). Clearly, /xi lies in the /iQ-subgraph. We assert that N^dji) < 
Nr{fio). To prove this, we describe the path /ii precisely. First, by the above claim 
we have /ii = [qf{p)]. Then /ii = fi^yi ■ i, where £ is the subpath of [/(/io))] from 
yl = to f{u). Since i is r- legal, the r-cancelation points of fii are contained in 
the set {yi, . . . , yk, yl} \ {yi}- However yl is not an r-cancelation point of fii by 
Section 5. So, Nr{fii) < Nr{fio). 
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ifip)] 

f{yi) 



yi 



Mo 



yl f{u) 



Figure 17. 

The path /ii is depictured by the bold hne. 
Case 2.2. Suppose that l^Q{yi,y\) ^ -R^ + C^. 

Let p be the initial subpath of /iq which terminates at yi (see Figure 18) and 
jiQ = pq for some q. We set /ii = / '^^^(/io). As in Case 1, one can prove that 
/ii = [qf{p)] and hence /ii = [fJ^y-^y^ ■ P\, where ^J^y^y^ is the initial subpath of q 
from Ui to y\ and I is the final subpath of [/(p)] from y\ to f{yi). Using Cooper's 
lemma, we deduce that the /-length of i is at most C^,, hence 

/(/ii) ^ l^,{yi,yl) + lif(^p^]{yl, f{yi)) ^R, + 2C,. 

This contradicts the condition iii). 



yi 

Mo 



ifip)] 



fiyi) 



yi 



[/(mo)] 



Figure 18. 

The path /ii is depictured by the bold line. 

Case 3. Suppose that both, yk and yl don't lie in Jq. 

Then yi, . . . , yk, yl, ■■■,yl don't lie in /q. 
We may assume that is an r-cancelation point in [/io/(/io)]- 
Indeed, suppose that this is not valid. We set /ii = / '^*'^(/io), where p is the 
initial subsegment of /io with the endpoint yi (see Figure 19). Then /xi lies in the /iq- 
subgraph and the r-cancelation points of /ii are contained in the set {y2, . . . ,yk, z'^}. 
But z^ is not an r-cancelation point in fii, since we have supposed that z^ is not 
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an r-cancelation point in [/io/(/io)]- So, N{fii) = N{fio) — 1 and we can proceed 
by induction. 



p 




1 [/(P)] / 

1 fiyi) 
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[yk) 
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yl 










[/(mo)] 





Figure 19. 

The path fii is depictured by the bold hne. 

Thus, we may assume that yi, . . . ,yk, z^,yl, . . . ,yl are all r-cancelation points 
in [/xo/(/io)]- Since /io is r-superstable, they are non-deletable there. 

Let A{yl) be the r-cancelation area of yl in [/(/j-o)]- Let A'{z^) and A'{yl) be 
the r-cancelation areas of and yl in [/io/(/io)], respectively. 

Claim. We have A{yl) = A'{yl). In particular, a{A{yl)) lies to the right from 
z° in [/io/(/io)]- 

Proof. Since the interiors of A'i^z'^) and A'{yl) don't intersect, A'{yl) lies to the 
right from z^ in [/io/(/io)]- Hence A'(y|) lies in [/(/iq)]. Therefore A(yi) = A'(?/|). 



•t - )( - I - ) ( 



[/(P)] 

/(yi) 
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/(y/c) 
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Figure 20. 

The path fii is depictured by the bold line. 

Let u be the initial vertex of the r-cancelation area A{yi). The point u divides 
/io into two subpaths which we denote by p and q, so /io = PQ- Now we set 
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= / '(*')(/io). Clearly, /ii lies in the /iQ-subgraph. As in Case 1, we can prove that 
fii = [qf{p)] and hence fii is the subpath of [/io/(/^o)] from a{A{yi)) to a{A{yl)). 
We prove that /ii is A-perfect. Obviously, the ^-decomposition of /ii starts on the 
r-cancelation area A{yi). It remains to prove that the turn in /ii- [/(/Ui)] between /ii 
and [/(/ii)] is legal. The first edge of [/(/xi)] is the fist edge of [f{A{yi))] = A{yl), 
so this edge lies in Hr- If the last edge of fii lies in Gr-i, then the turn is mixed 
and so legal. If the last edge of fii lies in Hr, then this turn is an r-turn. But this 
turn lies in the r- legal subpath of [fiofifio)] from to yl, hence it is r- legal. 

Thus, fii is A-perfect and lies in M; the proof is completed. □ 

Proposition 13.4. Suppose that fi is a reduced f-path in Gr and that the /i- 
subgraph M is infinite. Then we can algorithmically find a vertex in M with 
one of the following properties: 

1) the f-path fi' lies in Gr-i, 

2) fi' is r -perfect, 

3) fi' is A-perfect. 

Proof. Let Df{fi) be the component of Df containing We claim that there 
exists a vertex fi in the /i-subgraph, which satisfies conditions ii) and iii) of Propo- 
sition [T3l3l This follows from the facts that 7ri(D/(/i), yu) is finitely generated (see 
Lemma [5731) and that the number of dead and repelling vertices in is finite. By 
Proposition [13731 where we replace fi by /I, there exists a vertex in the /i-subgraph 
which satisfies one of the properties l)-3). Clearly, /i' lies in the /i-subgraph and 
we can find fi' just by checking consecutive vertices in the /i-subgraph. □ 



In this section we will use that the subdivided relative train track / : F — F 
satisfies the condition (Pol) in Theorem 14.5! (see Proposition 19.51) . 

Let Hr be a polynomial stratum, let E be the unique (up to inversion) edge of 
Hr, and let f{E) = E ■ a, where a is a path in Gr-i- 

For an edge-path fi C Gr, let A/'(/i) be the number of edges from Hr in /i. 

We introduce some notations: For every Q G {E, E} and every z ^ 1, we have 



14. E-PERFECT PATHS 



PiQ) = Ci^qQdi^Q, where 




if Q 
if Q 



E, 
E, 




if Q 
if Q 



E, 
E. 
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We set co,Q = la(Q) and c/q.q = la;(Q)- Then, for every i ^ 0, we have 

fiQ) = Ci,QQd,^Q. 

Definition 14.1. The vertex fi G Df is called E-perfect if /i = EibiE2 ■ . -Ekbk, 
where ^ 1, Ei,...,Ek G {E,E} and bi,...,bk are paths in Gr-i, and 
jV(/x') = A/'(/i) for every vertex fi' in the //-subgraph. 

Proposition 14.2. Let he an exponential stratum with a unique (up to inver- 
sion) edge E. Let fi = Eibi . . . E^bk he a reduced f-path in Gr, where Ei, . . . ,Ek G 
{E, E} and bi, . . . , bk C Gr^i- For 1 ^ j ^ k and i ^ 1, we set 

fj,oj = [Ejbj . . . Ekbkf{Eibi . . . 

= [c^f{f^Od)f{Ci,E,)]- 

The elements of the sequence /io,i, . . . /io,fc, fJ^i,!, ■ ■ ■ , fJ^i,k, ■ ■ ■ will he denoted hy 
/ii,/i2,.... (Clearly, all these elements are reduced f -paths in Gr-) Then the 
following statements are satisfied. 

(1) If M{fii) = k for 1 ^ i ^ k, then N'{fjii) = k for all i ^ 1. In this case 
fi is E-perfect and all fii lie in the fi-suhgraph. Moreover, /ij+i is the first 
vertex of the fi-suhgraph after fii which, considered as an f-path, begins on 
E orE. 

(2) If for some 1 ^ s < k we have J\f{fii) = ■ ■ ■ = Af{fis) = k, hut J\f{fis+i) < k, 
then fii,...,fis, and fig+i in the fi-suhgraph. In this case fi is not E- 
perfect. 

In particular, we can find a vertex in the fi-suhgraph which is E-perfect or 
lies in Gr-i (considered as an f-path). 

(3) // fi is E-perfect, then a vertex in the fi-suhgraph is E-perfect if and only if 
it, considered as an f-path, begins on E or E. 

Proof. To prove the first claim, it suffices to verify that M{fiQ j) = M{fiij) for 
all 1 ^ j ^ /c and i ^ 1. This is equivalent to A/'(/ioj) = M{[f^{fioj)])- 

For k = 1 this is evident. Suppose that k ^ 2. By assumption we have M{fioj) = 
k, hence fiQj = Qi ■ Ci ■ . . . ■ Qk ■ Ck, where Qi, . . . ,Qk G {E, E} and ci, . . . , are 
paths in Gr-i- Then 

[fif^oj)] = [ci,Q,Qidi,Q, ■ r{ci) ■ . . . ■ Ci^Q^Qkdi^Q^ ■ f{ck)]. 

Consider a subword QsCgQs+i of fioj and the corresponding subword of f^fiQj): 

Qsdi,Qj\cs)Ci^Q^^^Qs+i- 

We prove that the reduced form of the corresponding subword contains Qs and 
Qs+i- Suppose the contrary. Then is inverse to Qs+i- Since QsC^Qs+i is reduced, 
Cg is a nontrivial loop in Gr-i- 
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Case 1. Suppose that Qs = E and Qs+i = E. 

Then Qsd,,Qj\c,)c,,Q^^,Qs+i ^ Eaf{a) . . . r\cr) f\c,) r\a) . . . f{a)aE. 
Since Cs is a nontrivial loop, the loop between E and E is this path is nontrivial 
as well. Hence the reduced form of this path contains E and E. 

Case 2. Suppose that Qg = E and Qs+i = E. 

Then Qsdi,QjKcs)c,,Q^^,Q s+i = f ^H^) • • • f{a)aEcsEaf{a) . . . r\a). 
Clearly, the reduced form of this path contains E and E too. 

The other claims of this proposition can be routinely verified. □ 

Proposition 14.3. For every two vertices /i, r in Df, where fi is E-perfect and 
the fi-subgraph is infinite, one can algorithmically decide, whether r lies in the 
fi-subgraph. 

Proof. We may assume that the /-path r lies in Gr- Moving along the r- 
subgraph, we will find a vertex which is E'-perfect or lies in Gr-i (considered as 
an /-path). Hence, without loss of generality, we may assume that r is -E-perfect. 
By Proposition 114. 2^ r lies in the /i-subgraph if and only if r = /ij j for some i ^ 
and 1 ^ j ^ k. One can easily check that 



if Ej = E, 



_r{E)E iiE,=E, 



Using this, we deduce 

([fM] iiE, = E, 

Simplifying, we have 



[[Ef{E).f{^^o,J)■f{f{E)E)] ii E, = E. 



irM] ifE, = E, 

f^ij = < - . _ (14.1) 

\[E■nE^Ji,,f{E))■f{E)] iiE,=E. 

Thus, r = /ijj if and only if 

= [r(/^o,,)] if = E, 



[ErfiE)] = [f{Ef,,J{E))] iiE, = E. 

By Corollary 14. 8[ we can algorithmically decide the question about the existence 
of such z, j. □ 
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15. FiNITENESS AND MEMBERSHIP PROBLEMS FOR /i-SUBGRAPHS 

In this section we will use that the subdivided relative train track / : F — F 
satisfies the condition (Pol) in Theorem 14.51 (see Proposition 19. 5p . For such / we 
prove Propositions 115.21 and 115.51 which solve Problems 2 and 1 from Section 4. 
This will complete the proof of the main Theorem 11.11 

Lemma 15.1. Let Hj. be an exponential stratum with the Perron- Frobenius value Xr 
and let ji d Gr be an r -perfect path with ^ K, where K is the constant from 
Proposition \9.5[ 8). Let /i = /xi,/i2,--- be consecutive vertices of the ^-subgraph 
in Df. Then, for all i ^ 1, we have 

and 

where mi < m2 < . . . are computable numbers from Proposition \10.2 . 

Proof. By Proposition 19.51 8), there exists k ^ 1 such that fik lies in Gr-i or 
satisfies Lr{fik) > 0. By the claim (3) of Proposition 110. 2[ /i^ contains edges from 
Hj., hence Lj.{fik) > 0. This implies Lr{ni) > 0. Other formulas follow from the 
claims (3) and (2) of Proposition 110.21 □ 

Proposition 15.2. Given a vertex fi in Df, one can decide whether the ^-subgraph 
is finite or not. 

Proof. Let r be the minimal number such that the /-path lies in G^- 

First suppose that is an exponential stratum. We claim that there exists 

n ^ such that the vertex /i' = / "(/i) of the /i-subgraph satisfies one of the 

following properties: 

1) the /-path /i' lies in Gr-i, 

2) /i' is r-perfect, 

3) yu' is y4-perfect, 

4) the vertices /i, /(/i), • • • , / ^~^{^) are different and /i' coincides with one of them, 

5) /i' is a dead vertex. 

Indeed, if the /i-subgraph is infinite, then, by Proposition [T331 there exists n such 
that /i' = / "(/x) satisfies one of the properties l)-3). If the /i-subgraph is finite, 
there obviously exists n such that /i' = / ""(/i) satisfies one of the properties 4)-5). 

Observe that for every n ^ 0, we can algorithmically verify whether /i' = / "(/i) 
satisfies one of the conditions l)-5). 

So, starting from /i and following along preferable directions, we can find n ^ 
such that the corresponding //' satisfies one of the above conditions. If 4) or 5) is 
satisfied, then the /i-subgraph is finite. 
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If 1) is satisfied, we can apply induction. 

If 2) is satisfied, then the //-subgraph is infinite by Lemma 115.11 
Suppose that 3) is satisfied. By Proposition (TO]!] (2), there exist natural numbers 
mi,i < m2,i < ms^i < ... such that / = i > 0. Hence, the /i'- 

subgraph is finite if and only if there exist < i < j such that = [/"' (z^')]- 

This problem is decidable by Corollary 14.91 

Now suppose that Hr is a polynomial stratum. By Proposition 114. 2[ we can find 
a vertex fi' in the /i-subgraph with one of the following properties: 

1) the /-path lies in Gr-i, 

2) /i' is ^'-perfect. 

In the first case we can apply induction. Suppose that fi' is E'-perfect. By 
Proposition 114. 2| the //'-subgraph contains the vertices fJ^'n, i ^ 0. Hence, the 
/t'-subgraph is finite if and only if there exist ^ i < / such that fi[i = fi'^. 
(Recall that /i'g i = /i' and Ei is the first edge of fi'.) By the formula (14.1) this is 
equivalent to the equality: 

i[fW] = [fif^')] iiEi = E, 

1 [fiEf^'JiE))] = [fiEfi'JiE))] if El = E. 
This problem is decidable by Corollary 14.91 

If Hr is a zero stratum, then following along the /i-subgraph at most Z(/i) steps, 
we can find a vertex fi' in the /i-subgraph such that the /-path /i' lies in Gr^i- 
Then we can apply induction. □ 

Proposition 15.3. For every two vertices fi, r in Dj, where fi is r -perfect, one 
can decide whether r lies in the ^-subgraph. 

Proof. We may assume that r is an /-path in Gr- Let /i = /io,/ii,..., be 
consecutive vertices of the /t-subgraph. By Lemma 115. H we compute the mini- 
mal i such that L^ifii) > Lr{T). Then it suffices to compare r with the vertices 
/io, /ii, . . . , /ij-i- n 

Proposition 15.4. For every two vertices fi, r in Df, where fi is A-perfect, one 
can decide whether r lies in the ^-subgraph. 

Proof. Due to Proposition 115. 2^ we may assume that the /i-subgraph is infinite. 
Let /i = Aibi . . . Akbk be the ^-decomposition of fi. We use the following notation 
from Proposition 110.41 

Hoj = [Ajbj . . . Akbkf{Aibi . . . Aj^ibj^i)], 
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where 1 ^ j ^ k and i ^ 1. By the statement (4) of Proposition 110.41 the 
following holds: for every vertex a in the /i-subgraph, at least one of the paths a, 
f{a), . . . , / ''^"'-'(o") coincides with /ijj for some 

Thus, we first decide, whether one of the vertices r, /(r), . . . , / '("^^(r) coincides 
with fii j for some This can be done with the help of Corollary 14.81 

If the answer is negative, then r does not lie in the /i-subgraph. 

If it is positive, then we can find t,i,j such that / *(r) = fiij. Recall that by 
the statement (2) of Proposition 110.41 /ijj = / for some computable rriij. 

Then r lies in the /i-subgraph if and only if rriij ^ t and t = f 

□ 

Proposition 15.5. Given two vertices fi, r in Dj, one can decide whether t lies 
in the fi-subgraph. 

Proof. By Proposition 115.21 we can decide whether these subgraphs are finite or 
not. If the /i-subgraph is finite, we can list all its vertices and verify, whether r 
is one of them. Suppose that the /i-subgraph is infinite. Then, if the r-subgraph 
is finite, the vertex r cannot lie in the /i-subgraph. So, we can assume that the 
r-subgraph is also infinite. 

Let r be the minimal number such that /i lies in Gr- We will use induction on r. 

First suppose that Hr is an exponential stratum. Then, by Proposition 113. 4[ we 
can find a vertex /i' in the /i-subgraph with one of the following properties: 

1) the /-path /i' lies in Gr-i, 

2) /i' is r-perfect, 

3) /i' is y4-perfect. 

First we check, whether r belongs to the segment of the /i-subgraph from /i to 
/i'. If yes, we are done. If not, we replace /i by /i' and consider the above cases. 

In Case 1) we can proceed by induction, in Case 2) by Proposition 115.31 and in 
Case 3) by Proposition 115.41 

Now suppose that Hj. is a polynomial stratum. Then, by Proposition 114.21 we 
can find a vertex /i' in the /i-subgraph with one of the following properties: 

1) the /-path /i' lies in Gr-i, 

2) /i' is E'-perfect. 

In the first case we can apply induction and in the second case Proposition 114.31 
Finally, if Hr is a zero stratum, we can follow along the /i-subgraph until we 
arrive at a vertex fi' E Df which, considered as an /-path, lies in Gr-i- Then we 
can apply induction. □ 
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